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ABSTRACT OF THE THESIS 

NONLINEAR MODELING OF RADIO FREQUENCY CIRCUITS TO ESTIMATE 

THIRD-ORDER NONLINEAR DISTORTIONS. 

by 
 

Ramakoti Reddy Kalli 

Florida International University, 2008 

Miami, Florida 

Professor Jeffrey Fan, Major Professor 

The purpose of this thesis was to present a novel, frequency domain models applicable to 

modern communication systems to describe the third-order intermodulation and harmonic 

distortions in high frequency environment using Volterra series. Three basic behavioral 

model structures, including a frequency shaping block and a resistive nonlinear gain 

block are analyzed algebraically and experimentally. Different cascade strategy is also 

discussed for each model proposed. A model order reduction technique (Pade 

approximation) was employed to speed up the simulation process. The run time 

comparison of reduced order models was compared with full method for the RF mixer 

with roughly 168 times speed up. When compared with the full model, the analysis on the 

accuracy of the proposed models showed that the proposed Model A provided relatively 

more accurate results for harmonic distortions (9.3%) compared to the proposed Model B 

(10.3%), whereas the proposed Model B provided relatively more accurate results for 

intermodulation distortions (7.3%) compared to the proposed Model A (9.6%). The 

proposed compositional Model C achieved the most accurate simulation results of 

intermodulation and harmonic distortions with 2.5 % and 3.2% error. 
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CHAPTER 1 

 

INTRODUCTION 

 

1.1 Distortions 
 
        The quality of analog top-down design methodologies in modern communication 

systems is influenced heavily by the quality of models available at a high level of 

abstraction. At the communication system level, efficient behavioral models are required 

to evaluate performances and interactions with the digital side. When considering Radio 

Frequency (RF) circuits, non-linear effects become more involved and have to be 

accounted for using the Volterra theory [3] [4]. From a practical point of view, direct 

implementation of the Volterra series to behavioral simulation starting from simulation 

data is a time-consuming task. A more structural method to generate a behavioral model 

that exhibits a consistent high frequency behavior may be based on simple models whose 

structure accounts for RF non-linear effects. A straightforward example may be 

represented by a non-linear characteristics followed by a frequency shaping linear filter. 

Such a model in communication systems might actually give accurate results for both 

intermodulation and harmonic distortions at high frequencies. However, as model 

complexity increases, the parameter extraction based on simulation could be extremely 

difficult and time-consuming [1] [13]. Therefore, model order reduction techniques are 

used to speed up the simulation process. Model order reduction techniques have been 

widely applied in the fast simulation of large linear and nonlinear systems, such as VLSI 

interconnect circuits, high speed clock network, nonlinear analog RF circuits and MEMS 
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systems etc. In the case of nonlinear systems, specific model order reduction techniques 

have been analyzed [9] [10] [14]. 

        Distortions are created by only one thing: nonlinear transfer characteristics of a 

device. A distortion is the alteration of the original shape (or other characteristic) of an 

object, image, sound, waveform or other form of information or representation. 

Distortion is usually unwanted. In some fields, distortion is desirable, such as in the use 

of an electric guitar [1] (where distortion is often induced purposely with the amplifier or 

an electronic effect to achieve the electric guitars desired, electrifying, aggressive sound). 

The slight distortion of analog tapes and vacuum tubes is considered pleasing in certain 

situations. The addition of noise or other extraneous signals (hum, interference) is not 

considered to be distortion, though the effects of distortion are sometimes considered 

noise. 

        In telecommunication and signal processing, a noise-free "system" can be 

characterized by a transfer function, such that the output y(t) can be written as a function 

of the input x as 

                                             ))(()( txFty =                                                    (1.1) 

 

When the transfer function comprises only a perfect gain constant A and perfect delay T 

 

                                     )(.)( TtxAty -=                                               (1.2) 

 

       The output is undistorted. Distortion occurs when the transfer function F is more 

complicated than this. If F is a linear function, for instance a filter whose gain and/or 

delay varies with frequency, and then the signal will experience linear distortion. Linear 
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distortion will not change the shape of a single sinusoid, but will usually change the 

shape of a multi-tone signal. 

 

 
Figure 1 Behavior of a signal passed through various distorting functions [1] 

 

       The above figure shows the behavior of a signal (made up of a square wave followed 

by a sine wave) as it is passed through various distorting functions. 

        The first trace shows the input. It also shows the output from a non-distorting 

transfer function (straight line). A high-pass filter (second trace) will distort the shape of 

a square wave by reducing its low frequency components. This is the cause of the 

"droop" seen on the top of the pulses. This "pulse distortion" can be very significant 

when a train of pulses must pass through an AC-coupled (high-pass filtered) amplifier. 

As the sine wave contains only one frequency, its shape is unaltered.  
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A low-pass filter (3rd trace) will round the pulses by removing the high frequency 

components. All systems are low pass to some extent. Note that the phase of the sine 

wave is different for the low pass and the high pass cases, due to the phase distortion of 

the filters. A slightly non-linear transfer function (4th trace), this one is gently 

compressing as may be typical of a tube audio amplifier, will compress the peaks of the 

sine wave. This will cause small amounts of low order harmonics to be generated. A 

hard-clipping transfer function (5th trace) will generate high order harmonics. Parts of the 

transfer function are flat, which indicates that all information about the input signal has 

been lost in this region. 

 

1.2 Linear Transfer and Nonlinear Transfer 

 
        Any time a signal passes through a device, as long as the shape of the output signal 

is identical to the shape of the input signal, amplified or not, the device is considered to 

be linear. Changes in signal amplitude do not create distortions, only changes in the shape 

of the waveform. Any time a signal passes through a device and the shape of the signal 

from the input to the output is changed, the device is considered to be nonlinear. The type 

and amount of change relates directly to the amount and type of distortion created. So to 

summarize, linear devices create no distortion, and nonlinear devices create distortion. 

Period! [1] 

        The best way to understand and explain how distortions are created in a nonlinear 

device is to analyze harmonic distortion. Harmonic distortion is understood best by 

analyzing a single Continuous Wave (CW) signal passing through a nonlinear device [2]. 
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This is because no matter how complex a waveform is, it can be recreated by combining 

a number of continuous waves at different frequencies, phases and amplitudes. As shown 

in Figure 2, a CW signal or any waveform will be affected in one of two ways when 

passed through a nonlinear device designed to operate in a linear fashion. At the output: 

 
          1. Both the positive and negative peaks will be rounded off (flattened).  

          2. One peak will be expanded (stretched) and the other rounded off (flattened).  

 

 

Figure 2 Effects of passing through a nonlinear device [1] 

 
1.3 Research Problem 
 
        Circuit linearity is one of the most important design specifications for RF 

communication systems as it limits a system’s dynamic range. In these communication 

circuits, nonlinear distortion is usually orders of magnitude smaller than the desired 

response. However, meeting the stringent design specifications on linearity, e.g., the total 

harmonic distortion and the third-order input-intercept point, is often a challenging task. 
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Although the overall circuit linearity can be well predicted by detailed circuit 

simulations, design insights are often difficult to obtain due to the complex frequency-

dependent nonlinear behavior caused by multiple nonlinearities. The need for analyzing 

time-varying systems, such as RF mixers, further complicates the situation, as the system 

response is distorted under wanted frequency translations.  

        Deriving hand-analysis expressions for nonlinear distortion is very difficult, if not 

impossible, and requires significant approximations. Instead, an automated approach with 

a “distortion diagnosis” capability is highly desirable for minimizing the number of 

design iterations during the circuit-level design phase. In such an approach, the individual 

distortion contributions due to specific nonlinearities in a circuit are extracted, and the 

identified dominant distortion sources can be used to guide the design effort. Importantly, 

any such distortion analysis capability should be integrated into a standard 

analysis/simulation environment, and must be compatible with widely used advanced 

device models. 

 
1.4 Research Goal 
 
The first goal of this research is to present proper structures to simulate nonlinearity of 

the signal processing in communication systems at the behavioral level. For example, 

some mixers can be analyzed and modeled by using Verilog-AMS or Simulink. However, 

the accuracy, speed, and limits of the models have to be analyzed. An important aspect to 

consider in signal processing is the efficiency of extraction of nonlinearity parameters 

from simulation data. Two basic frequency domain model structures including a 

frequency shaping block and a resistive nonlinear gain block are analyzed. A 
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compositional model is also proposed and different cascade strategy is discussed. The 

second goal of this research is to set up a flexible and efficient simulation strategy to 

extract behavioral model parameters directly from the simulation results. 

 

1.5 Significance of Study 
 
        Intermodulation distortions and harmonic distortions are key issues in the design of 

many types of communication circuits. Intermodulation Distortion (IMD) can wreak 

havoc in modern wireless communications systems. The better it is understood, the better 

its effects can be minimized. This study of IMD will explore the relationship between the 

intercept points (a different way to present the information of harmonic distortion) and 

the coefficients of the polynomial (Volterra series) that is used to model the transfer 

function of an amplifier.  Increasingly crowded spectrum brings with it greater possibility 

of interference. As a result, system designers are striving to reduce interference 

susceptibility, for example, through improved linearity. A system's linearity governs how 

much IMD will occur within it, which in turn can create interference. Through improved 

linearity of the system building blocks, the overall susceptibility of a system to 

interference can be decreased.  The study in this thesis gives accurate results for both 

intermodulation distortions and harmonic distortions at high frequency and both 

specifications are insightful in regards to the level of order of distortion in circuits and 

help the RF designers to analyze their designs. This thesis is intended to design new 

techniques for analog RF design with low distortions and high dynamic range. 
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1.6 Methodology 
 
        Two basic model structures including a frequency shaping block and a resistive 

nonlinear gain block are proposed. The nonlinearity can be well described by the first 

three terms in the power series. It implies that all higher order term contributions to 

distortions are negligible. The basic models are structured to be consisted of a resistive 

nonlinear gain block and a frequency shaping block (e.g. linear passive filter). The idea is 

that we orthogonalize the frequency dependent nonlinearity into two independent 

behavior blocks. One is the frequency independent nonlinear gain block, which models 

the nonlinearity dependency on signal levels (amplitudes). The other one is a frequency 

shaping block, which captures only the behavior of frequency dependency of the 

nonlinearity. 

       Initially to reduce the higher order nonlinearities, in the Model-A, a resistive 

nonlinear gain block is cascaded before a frequency shaping block. In the Model-B, a 

resistive nonlinear Gain block is cascaded after a frequency shaping block. A 

compositional model (Model C) based on aforementioned two methods is analyzed 

experimentally. Volterra series is used to describe nonlinearities of the proposed models. 

How ever as model complexity increases, calculation of transfer functions (Volterra 

kernels) is a time consuming. A model order reduction technique (Pade approximation) 

[9] is employed to speed up the process. The proposed models are simulated in Spectre 

RF simulator and the results are compared with full model. The analysis on the accuracy 

of these proposed models will be discussed in the results section. 
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CHAPTER 2 

 

VOLTERRA  SERIES 

 

2.1 What is Linearity and Nonlinearity 
 
        All electronic circuits are nonlinear: this is a fundamental truth of electronic 

engineering. The linear assumption that underlies most modern circuit theory is in 

practice only an approximation. Some circuits such as small signal amplifiers, are only 

very weakly nonlinear. In these circuits, nonlinearities are minimized. Other circuits, 

such as frequency multipliers, exploit the nonlinearities in their circuit elements; these 

circuits would not be possible if nonlinearities did not exist. In these it is often desirable 

to maximize the effect of nonlinearities, and even to minimize the effects of annoying 

linear phenomena. The problem of analyzing and designing such circuits is usually more 

complicated than for linear circuits [2]. 

        The statement that all circuits are nonlinear is not made lightly. The nonlinearities of 

solid-state devices are well known, but it is not generally recognized that even passive 

components such as resistors, capacitors, and inductors, which are expected to be linear 

under virtually all conditions, are nonlinear in the extremes of their operating ranges. 

When large voltages or currents are applied to resistors, for example, heating changes 

their resistance. Capacitors, especially those made of semiconductor materials, exhibit 

nonlinearity. Even RF connectors have been found to generate intermodulation distortion 

at high power levels: the distortion is caused by the nonlinear resistance of the contacts 
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between their dissimilar metals in their construction. Thus, linear circuit concept is an 

idealization, and a full understanding of electronic circuits, interference requires an 

understanding of nonlinearities and their effects [2]. 

        Linear circuits are defined as those for which the super position principle holds 

good. Specifically, if excitations x1 and x2 are applied separately to circuits having 

responses y1 and y2 , respectively the response to the excitation ax1 + bx2 is ay1 + by2, 

where a and b are arbitrary constants which may be real or complex, time invariant or 

time varying. This criterion can be applied to either circuits or systems. 

The definition implies that response of linear, time invariant system includes only those 

frequencies present in the excitation waveforms. Thus, linear, time-invariant circuits do 

not generate new frequencies. Time-varying circuits generate mixing products between 

excitation frequencies and frequency components of the time waveform. As nonlinear 

circuits usually generate a remarkably large number of new frequency components, this 

criterion provides an important dividing line between linear and nonlinear circuits. 

        Nonlinear circuits are often characterized as either strongly nonlinear or weakly 

nonlinear. Although these terms have no precise definitions, a good working distinction is 

that a weakly nonlinear circuit can be described with adequate accuracy by a Taylor 

series expansion. This definition implies that the characteristic is continuous, has 

continuous derivatives, and, for most practical purposes, does not require more than few 

terms in its Taylor series. Additionally we assume that the nonlinearities and RF drive are 

weak enough that the DC operating point is not perturbed. Virtually all transistors and 

passive components satisfy this definition if the excitation voltages are well with in the 

components normal operating ranges. If the circuit is weakly nonlinear, relatively straight 
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forward techniques, such as power series or Volterra series analysis can be used. Strongly 

nonlinear circuits are those that don’t fit the definition of weak nonlinearity, they must be 

analyzed by harmonic balance methods [2]. 

        In general, distortion is one of the most important undesired effects that appear in 

analog circuits due to nonlinearities, which have many sources in integrated circuits. In 

mixed-signal integrated circuits most of the functions are implemented in the digital 

domain, leaving the analog designer with tough specification to design analog circuits. 

Thus simply relying on the first-order analysis may not be enough. Thus exploring the 

analog circuits’ nonlinear behavior is a must. Also, in analog RF front-ends non-linearity 

becomes a very important issue, since the amplitude of the received signal may vary over 

a wide range depending on the distance between the transmitter and receiver. If the 

circuit exhibits nonlinearities, this will generate higher order components called 

harmonics. On the other hand, if the desired signal is small such that it doesn’t saturate 

the receiver circuits a near-by out-of-band interferer may generate an undesired in-band 

component. These components are denoted as intermodulation products. 

        Distortion has been analyzed using different techniques in the literature [3] [4]. The 

Volterra series is the most popular symbolic method to analyze distortion. It combines the 

theory of convolution and Taylor series expansion to express non-linear systems with 

memory. It’s a powerful technique, yet complicated, breaking the non-linear system 

down into an infinite parallel sub-systems: a linear sub-system, a second order sub-

system, a third order sub-system, to an infinite order subsystem, depending on the 

accuracy one needs. 
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2.2 Power Series 
 
       Power series, also referred as Taylor series, is the most widely used model to 

describe the nonlinear transfer function of an analog circuit. It represents nonlinearity in a 

polynomial form, such as 

                              
n

iniii SaSaSaSaS ���
3

3
2

21 ++=                                   (2.1) 

At low frequency, the parasitic capacitances and inductances are negligible. Hence, the 

circuit contains only resistive nonlinearity and is a memory-less system. It means that the 

instant response of the circuit does not depend upon its previous history. In power series, 

all the coefficients a1, a2, … an are frequency independent, which lead to some simple but 

useful mathematical relations between distortions magnitude and input signal level. 

Because all the nonlinear coefficients in a power series are frequency independent, the 

model can not describe the frequency dependency of the distortions. An example is 

shown in Figure8 to illustrate that distortions indeed varies as frequency varies. In order 

to model high frequency nonlinearity, one has to use Volterra series based models. 

 

2.3 Volterra Series 
 
        The Spanish mathematician Vito Volterra first introduced the notion of what is now 

known as a Volterra series. The first major application of Volterra’s work to nonlinear 

circuit analysis was done by the mathematician Norbert Wiener at M.I.T., who used them 

in a general way to analyze a number of problems including the spectrum of an 

Frequency Modulation (FM) system with a Gaussian noise input. Since then, Volterra 
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series have found a great deal of use in calculating small, but nevertheless troublesome, 

distortion terms in transistor amplifiers and other systems. 

       Volterra series provided a basis for modeling and simulation in wide variety of 

disciplines. It has been used in the field of biology to model the thermal dependency of 

the heart rate, and the properties of the auditory system. In the field of nonlinear 

hydrodynamics, it has been used to study the ship and flat form motion and stabilization. 

In addition to hydrodynamics, other mechanical engineering problems have been studied 

using Volterra series including elastomeric properties and structural mechanics. It has 

been used to study optical and magnitude properties of materials. 

       Volterra series has been extensively used in circuit design, often tailored for specific 

application. For example, oscillators, power conversion systems, transconductance-

capacitor filters, operational amplifier, diode mixers, hard- limiters, radio receivers and 

traveling–wave tubes have all been analyzed using Volterra series. How ever the most 

extensive use of Volterra series has been analyzing micro wave amplifiers. Most of this 

deals with convergence properties, a condition where Volterra series exists. The 

frequency domain form of Volterra series forms the basis for behavioral modeling 

techniques developed in this thesis. 

 

 
2.3.1 Basics of Volterra Series 
 

        Circuit designers prefer to work with linear models of circuits but more accurate 

models which take into account the nonlinearities in a circuit are often required. Many 

practical circuits can be assumed to behave in a weakly nonlinear way, and under this 
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condition, closed form expressions for the nonlinearity can be obtained using the Volterra 

series. The Volterra series is a Taylor series that simplifies to a power series when the 

system is memory less. Volterra series is a generalization of power series. It does not 

assume that the coefficients are frequency independent. As the amplitude of the input 

increases, the magnitude of the higher order components will increase more quickly than 

the lower order components. For weakly nonlinear circuits in signal processing that is 

excited by small signals, usually only the first three terms are retained. The nonlinearity 

approximated by the linear behavior induces harmonic and intermodulation components. 

As we know that the Volterra series for a circuit is generally represented as a summation 

of nth order operators [13]. It describes a signal as a summation of the linear behavior, 

the second order behavior, the third order behavior, and so on. That is, 

 
                                             y(t) = a1x(t)+a2x

2(t)+a3x
3(t)+ --------------                                   (2.2) 

 
       Note that as the amplitude of the input x(t) increases, the magnitude of the higher 

order components will increase more quickly than the lower order components. For 

weakly nonlinear circuits that are excited by small signals, usually only the first three 

terms are retained. You can think of the nonlinearity as being approximated by the linear 

behavior and made more accurate by a squared and cubed component. The squared and 

cubed products in the nonlinearity give rise to harmonic and Intermodulation 

components. Using the Volterra series, closed form expressions for the different 

distortion components can be found [4]. This gives the designer insight with regard to 

improving circuit performance. 
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The Volterra series for a circuit is generally represented as a summation of nth order 

operators: 

 
                   y(t) = H[x(t)] = H1[x(t)] + H2[x(t)] + H3[x(t)] + ... + H3[x(t)] + ...             (2.3) 

 
Where 

                    nnnnnn ddtxtxhtxH tttttt ...)()...(),....,(......)]([ 1111 --= � �
¥

¥-

-¥

-¥-
               (2.4) 

        The Laplace transform of the nth order Volterra kernel hn(t1,...,tn) is represented by 

Hn(s1,...,sn) and can used to calculate the magnitude of distortion components. The 

representation of the nonlinearity as a summation of operators of different order operating 

on a signal allows us to examine the contribution of each order individually. Dominant 

contributions can then be easily identified and analyzed.  

 

Figure 3 Block diagram representation of the Volterra series [3] 
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2.3.2 Time Domain Volterra Series 
 
Time continuous time domain expression for the output y(t) of a function described by 

Volterra series with input x(t) is 

 

                                                                ( ) ( )�
¥

=

=
0n

n tyty                                           (2.5) 

Where 

                ni

n

i
nnn dddtxhty ttttttt ...)(...,(.....)( 21

1
,21 ��

�
��
� -P=

=

+¥

¥-

+¥

¥-

+¥

¥-� � �                 (2.6) 

 
The nth order Volterra kernel is ),...,( 21 nnh ttt  and is not unique unless some further 

restriction is applied. Requiring that hn be symmetric can be done with out loss of 

generality and results in unique set of Volterra kernels for a given system. This restriction 

is usually applied. 

 

 
2.3.3 Frequency Domain Volterra Series 
 
        The n-fold Fourier transform of the Volterra kernel is known as Volterra nonlinear 

transfer function, Hn 
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Using the Fourier transform the above equation can be used to give frequency domain 

description of nth order output Yn(f) 
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Fig 3 gives graphical representation of frequency domain calculation of the output. The 

output of each order calculation is summed to give the output of the system. The output 

of each order calculation is calculated from frequency domain description of the input 

and Volterra nonlinear transfer function corresponding to that order. The 0th order 

calculation is just the DC offset for zero input and is represented by value of the 0th order 

Volterra nonlinear transfer function H0. We have chosen frequency-domain Volterra 

kernels over time-domain Volterra kernels and Wiener kernels for two reasons. The first 

is that it is easier to accurately measure frequency-domain kernels than time-domain 

Volterra kernels when the nonlinearities are subtle. Second and more important, we are 

usually interested in frequency domain Volterra kernels precisely because they have an 

intuitive interpretation: for example, ),( 212 ww jjH -  is a measure of the second-order 

difference intermodulation of 1wj , and 2wj , While a similar interpretation exists for time 

domain Volterra kernels also. The Volterra kernels are assumed to be symmetrical in the 

sense that changing order of the arguments does not change the value of the system 

output. 

 

                                                         ),(),( 22 ijji ffHffH =                                         (2.9) 

                                                     ),(),( 22 ijji ffHffH =--*                                     (2.10) 

                                                     ),(),( 22 ijji ffHffH =-                                          (2.11) 

                                                    ),,(),,( 23 jikkji fffHfffH =                                  (2.12)                   

                                                  ),,(),,( 23 kijikj fffHfffH =                                   (2.13) 
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                                                  ),,(),,( 23 ijkjki fffHfffH =                                    (2.14) 

                                                 ),,(),,( 23 kjikji fffHfffH =--*                                (2.15) 

where the equations with superscript ‘*’ denotes a complex conjugate. Due to the 

symmetric properties, we can consider only the characteristics of the Volterra kernels in 

the non-negative frequency region of the output spectra [3]. 

 

 
2.3.4 Measuring Volterra Series Coefficients 
 
        Direct measuring of Volttera coefficients are inherently difficult because the high 

order terms are so small that numerical noise often destroys the approximation results. 

This will be discussed in the following chapter3. Another factor that affects the accuracy 

of measurement is that the contribution of higher order terms to lower order distortions. 

Therefore, in order to make a good estimation of the distortion, we need to make the 

coefficients to be measureable in the dominant terms at that frequency and exclude the 

contributions of other coefficients as much as possible. For example, if we want to 

measure ),,( 3213 www jjjH -  �, then we need to measure the 3rd order inter-modulation at 

that frequency, any contribution from other coefficients should be avoided. It means we 

need to carefully choose frequencies of input signal pair, so that the distortion terms are 

at distinctive frequencies [3]. For instance, if we choose a pair of input signals at 6MHz 

(f1) and 8MHz (f2), then one of the third order inter-modulation components is at 

frequency 10MHz (2f2 – f1). However, such measurement includes the contributions from 

higher order terms at frequency (3f1– f2), which introduce errors into our measurement. 

Though exhaustive simulations over a large number pairs of inputs in the desired 
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frequency range are theoretically possible, and simple interpolations methods may also 

work in the nearby frequencies, it is still desirable to structurally explore the Volterra-

series-based models. Because of the structure simplicity, we may be able to predict and 

estimate the higher order distortions or coefficients based on relatively fast simulations. 

 

2.4 Harmonic Distortion 
 
        Harmonic distortion can be defined as a single-tone distortion product caused by 

device non-linearity. When a non-linear device is stimulated by a signal at frequency f1, 

spurious output signals can be generated at the harmonic frequencies 2f1, 3f1, 4f1,...Nf1. 

The order of the distortion product is given by the frequency multiplier; for example, the 

second harmonic is a second order product, the third harmonic is a third order product, 

and the Nth harmonic is the Nth order product. Harmonics are usually measured in dBc, 

dB below the carrier (fundamental) output signal [5]. 

 

 

Figure 4 Harmonic distortion 
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2.5 Intermodulation Distortion 
 
        Intermodulation distortion is a multi-tone distortion product that results when two or 

more signals are present at the input of a non-linear device. All semiconductors 

inherently exhibit a degree of non-linearity, even those which are biased for “linear” 

operation. The spurious products which are generated due to the non-linearity of a device 

are mathematically related to the original input signals. Analysis of several stimulus tones 

can become very complex so it is a common practice to limit the analysis to two tones 

[5]. The frequencies of the two-tone intermodulation products can be computed by the 

following equation 

M f1 ± N f2, where M, N = 0, 1, 2, 3 ... 

        The order of the distortion product is given by the sum of M + N. The second order 

intermodulation products of two signals at f1 and f2 would occur at f1 + f2, f2 – f1, 2f1 and 

2f2 

 

Figure 5 Second-order intermodulation distortion 

Third order intermodulation products of the two signals, f1 and f2, would be 2f1 + f2,  
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2f1 – f2, f1 + 2f2, f1 – 2f2, where 2f1 is the second harmonic of f1 and 2f2 is the second 

harmonic of f2� Mathematically the f2 – 2f1 and f1 – 2f2 intermodulation product 

calculation could result in a “negative” frequency. However, it is the absolute value of 

these calculations that is of concern. The absolute value of f1 – 2f2 is the same as the 

absolute value of 2f2 – f1. It is common to talk about the third order intermodulation 

products as being 2f1 ± f2 and 2f2 ± f1. Broadband systems may be affected by all the non-

linear distortion products. Narrowband circuits are only susceptible to those in the pass 

band. Band pass filtering can be an effective way to eliminate most of the undesired 

products without affecting inband performance.  

       However, third order intermodulation products are usually too close to the 

fundamental signals to be filtered out. For example, if the two signals are separated by 1 

MHz then the third order intermodulation products will be 1 MHz on either side of the 

two fundamental signals. The closer the fundamental signals are to each other the closer 

these products will be to them. Filtering becomes impossible if the intermodulation 

products fall inside the pass band. As a practical example, when strong signals from more 

than one transmitter are present at the input to the receiver, as is commonly the case in 

cellular telephone systems, IMD products will be generated. The level of these undesired 

products is a function of the power received and the linearity of the receiver/preamplifier. 

Third order products are of particular concern for reasons discussed previously. 
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Figure 6 Second and third-order intermodulation distortion 

 

2.6 Amplitude Considerations 

2.6.1 Harmonics 
 
        Harmonically related products have the characteristic that their output level will 

change at a rate exponential to the change of the input signal. The particular exponent is 

the order of the harmonic product. For example, a second order product will change at a 

rate that is the square of the change of input signal. The third order product will change at 

a rate that is the cube of the change of the input signal. For harmonic distortion, the 

following formula shows the relationship [5]. 

                           Vout = a1Acos (� t) + a2A
2cos (2� t) + a3A

3cos (3� t) +………          (2.16) 

 
       Where a1, a2, and a3 are transfer functions for the fundamental, second, and third 

harmonic. ‘A’ is the amplitude of the input signal. The first term represents the 

fundamental signal, the second term the second harmonic, and the third term the third 

harmonic. Note that the second harmonic is a function of the square of the input signal 



 23 

and the third harmonic is a function of the cube of the input signal. Consider the 

following example: Assume that a 1 Volt input signal (+13 dBm, 50 Ohms) applied to a 

device generates the following [5]: 

·  10 Volt output signal (+33 dBm) at the fundamental frequency f1 

·  10 millivolt second harmonic at frequency 2f1�(-27 dBm) 

·  1 millivolt third harmonic at frequency 3f1 (-47 dBm) Ideally, in the small signal 

region, if the input is doubled to 2 Volts (+19 dBm) then the following will occur: 

·  The Fundamental output increases to 20V (+39 dBm). Note the voltage change of 

2 and the power change of 6 dB. 

·  The second harmonic increases to 40 millivolts (-15 dBm). Note the voltage 

change of 22 = 4, 12 dB in power. 

·  The third harmonic increases to 8 millivolts (-29 dBm). Note the voltage change 

of 23= 8, 18 dB in power. 

 

Figure 7 Effects of level changes on distortion products [5] 
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2.6.2 Intermodulation Products 
 
        This (aforementioned) same relationship holds with intermodulation products. The 

second order product will increase at a rate of the input signal squared (or twice the rate 

in dB) and the third order product will increase at a rate of the input signal cubed (or 

three times the rate in dB). This relationship can be shown by the following table. 

 
Table 1 Relationship between intermodulation products coefficients and amplitude [1] 

 
 

Type of Intermodulation product Frequency  Amplitude 

Second Order f1+f2 

f1-f2 

a2 .A1.A2 

a2 .A1.A2 

Third Order 2f1+f2  

2f1-f2 

f1+2f2 

f1-2f2 

a3.A1
2.A2 

a3.A1
2.A2 

a3.A1.A2
2 

a3.A1.A2
2 

 

 
        Where A1 and A2 are the amplitudes of the two input signals. Note that the 

amplitude of the second order intermodulation product is a function of the product of the 

two input signals. If the amplitudes of A1 and A2 remain equal to each other then the 

amplitude of the second order products is a function of the product of the two input 

amplitudes, equivalent to the square of either one. Therefore, if both input signals change 

by the same amount, then the second order intermodulation product will change by a rate 

equal to the square of that change. Similarly, the third order intermodulation product is a 

function of the square of one of the input signals, representing the second harmonic, and 
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the fundamental of the other applied signal. If both signals are kept at the same level, then 

the third order intermodulation product will track changes to the applied signals by a rate 

equal to the cube of the input change. 

 

2.7 Third Order Intercept Point (TOI) 
 
        In telecommunications, a third-order intercept point (IP3 or TOI) is a measure for 

weakly nonlinear systems and devices, for example receivers, linear amplifiers and 

mixers. It is based on the idea that the device nonlinearity can be modeled using a low 

order polynomial, derived by means of Taylor series expansion. The third-order intercept 

point relates nonlinear products caused by the 3rd order term in the nonlinearity to the 

linearly amplified signal. The intercept point is a purely mathematical concept, and does 

not correspond to a practically occurring physical power level. In many cases, it lies 

beyond the damage threshold of the device [17]. 

Two different definitions for intercept points are in use 

        Based on harmonics — the device is tested using a single input tone. The nonlinear 

products caused by nth order nonlinearity appear at n times the frequency of the input 

tone. 

        Based on intermodulation products — the device is fed with two sine tones with a 

small frequency difference. The nth order intermodulation products then appear at n 

times the frequency spacing of the input tones. This two-tone approach has the advantage 

that it is not restricted to broadband devices and is commonly used for radio receivers. 

The intercept point is obtained graphically by plotting the output power versus the input 

power both on a logarithmic scale (e.g., decibels). Two curves are drawn; one for the 
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linearly amplified signal at an input tone frequency, one for a nonlinear product. On a 

logarithmic scale, the function xn translates into a straight line with slope of n. Therefore, 

the linearly amplified signal will exhibit a slope of 1. A 3rd order nonlinear product will 

increase by 3 dB in power when the input power is raised by 1 dB. Both curves are 

extended with straight lines of slope 1 and n (3 for a 3rd order intercept point). The point 

where the curves intersect is the intercept point. It can be read off from the input or 

output power axis, leading to input or output intercept point, respectively (IIP3/OIP3). 

Input and output intercept point differ by the small-signal gain of the device. 

 

 

Figure 8 Third-order intercept point [17] 
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2.7.1 Calculation of Third-order Intercept Point 
 
        The intercept point can be determined by measuring and plotting both the 

fundamental signal and an intermodulation product at a few different input levels, 

graphing the intercept point, and extrapolating the intercept. Since the power slope is 

known for both the fundamental signal (slope of 1) and the third order intermodulation 

product (slope of 3), the third order intercept point can be calculated by measuring both 

the fundamental signal and the intermodulation product at just one input level, and 

applying the following formula. 

                                              TOI=Pout +|IPdBc / 2|                                                   (2.17) 

Where TOI is the third order intercept point, Pout is the output power of the fundamental 

signal, and IP is the level (in deco) of the intermodulation product relative to the 

fundamental (Figure 7). For example, if a device is driven by two signals, f1 and f2, at an 

input of +10 dBm each, with a resulting IP of -40 dBm, then the calculated value for 

output TOI would be +35 dBm. 

 

Figure 9 Third-order intercept point calculation 
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TOI = +10 dBm + |(+10 dBm– [-40 dBm]) / 2| 

                                           = +10 dBm + (50 /2) 

                                           = +35 dBm 

While it’s important to take the data with the device in the linear region, from the 

standpoint of practical intermodulation distortion measurements, the products should be 

as high above the noise floor of the measuring device as possible. Using the previous 

example, if the input power is dropped 10 dB to 0 dBm, the third order intermodulation 

product will drop by 30 dB to -70 dBm. While the calculation still yields +35 dBm for 

the third order intercept point, making an accurate measurement of a signal at -70 dBm is 

much more difficult than one at -40 dBm. 
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CHAPTER 3 

 
REDUCED ORDER MODELING   

 

3.1 The Need For Reduced Order Modeling 

 
        As Very Large Scale Integrated (VLSI) technology advances into the sub-100nm 

regime with increased operating frequency and decreased feature sizes, the nature of the 

VLSI design has changed significantly. One fundamental paradigm is that parasitic 

interconnect effects dominate both the chips performance and design’s complexity 

growth. As feature sizes become smaller, their electromagnetic couplings become more 

pronounced. As a result, their adverse impacts on circuit performances and powers will 

become more significant. Signal integrity, crosstalk, skin effects, substrate loss and 

digital and analog substrate couplings are now adding severe complications to design 

methodologies already stressed by increasing device counts. It is observed that today’s 

high performance digital design essentially becomes analog circuit design as there has 

been a need to observe a finer level of detail [9] [12]. 

        In addition to dominant deep submicron effects, the exponential increase of device 

counts causes a move in opposite direction: we need to increase the increasing design 

abstraction levels to cope with the design capacity growth. It was widely believed that 

behavioral and compact modeling for the purpose of synthesis, optimization, and 

verification of the complicated system-on-a chip are viable solutions to address these 

challenging design problems. 
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3.2 Asymptotic Waveform Evaluation (AWE)  

       In AWE explicit moment matching was used to compute the dominant poles via Pade 

approximation. The AWE algorithm used the moment concept to control and measure the 

accuracy of the reduced and original system. 

 

3.2.1 Recursive Moment Computation 
 
       For a general linear network, we can apply modified nodal analysis to formulate it in 

the state space equation form 

                                                  )()()(
.

tButXCtGX =+                                               (3.1) 

                                                       )()( tXLtY T=                                                          (3.2) 

Where G and C are the conductive and storage element matrices; B and L are the input 

and output positions matrices and state variables x can be nodal voltage or branch 

currents. Upon applying the Laplace transformation of the state equation, the state 

equation in the s domain 

                                            ( ) ( ) )()0( sBUCXssCXsGX =-+                                     (3.3) 

                                                          )()( sXLsY T=                                                      (3.4) 

Assuming initial Condition is zero, X (0) =0, and the impulse response is applied, the 

state equation will become 

                                                     ( ) BUsXsCG =+ )(                                                  (3.5) 

                                                           )()( sXLsY T=                                                    (3.6) 

Expanding X(s) using Taylor’s series at s=0, we obtain 

                                 BsXsxsxxsCG q
q =++++++ ..)...)(( 2

210                            (3.7) 
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The state Moment computation formula in a recursive form 

BGx 1
0

-=  

0
1

0 CxGx --=  

                                                               …….. 

                                                             1
1

0 -
--= iCxGx  For i >0                                    (3.8) 

Notice that G-1 means, Gx=b is solved. The lower and upper triangular matrices (LU) is 

performed on G=LU. The Use of L and U matrices results in moments sequentially. 

Typically we only need few orders, say q, of moments for achieving the required 

accuracy. As a result using moment matching method is faster than integration-based 

numerical analysis [14]. 

For the output moments, which actually are the moments of transfer function: 

                                                   H (s) = LT (G+sC)-1B                                                 (3.9) 

 The moments mi are related to the state moment by 

                                                             mi = LTxi                                                        (3.10) 

As a result the transfer function moment mi can be directly computed in recursive way 

00
1

0 ; XLmBGx T== -  

100
1

0 ; XLmCxGx T=-= -  

……… 

                                               i
T XLmCxGx =-= -

00
1

0 ;   for i > 0                         (3.11) 

In general ith block moment is given by  

                                                 BGCGLm iT
i

11 )( ---=                                            (3.12) 
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3.2.2 Pade Approximation 
 
       The idea of Pade approximation is to approximate a transfer function H(s) by an 

order-limited rational transfer function Hq (s), where q is the order. Specifically after 

moments are generated, a general multi-input multi-output (MIMO) transfer function H 

(s) is represented as a Taylor series expansion form or the block moment form. 

                                           .....)( 2
20 1

+++= smsmmsH                                           (3.13) 

Where mi is the ith block moment of the circuit, and 

                                                               mi = LTxi                                                       (3.14) 

Where xi is the ith block moment vector. Once the moment expansion is available, a Pade 

approximation is calculated. For qth order approximation, 2q moments must be 

computed. Without loosing generality, we consider a single-input single-output transfer 

function at entry (p, q) and let mi = mi,p,q for I = 0, 1, 2,, the scalar moment expansion 

then can be written as 

                                         12
12

2
20 .....)(

1

-
-+++= q

q smsmsmmsY                             (3.15) 

Then we can use a qth Pade approximation rational transfer function Hq(s) to match H (s), 
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Such that they agree on the first 2q terms in the moment form, i.e. 

                                                        H(s) = Hq(s)+O(s2q)                                          (3.17) 
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3.3 Nonlinear Model Order Reduction 
 
       Over the past decade, a large body of work on model order reduction of IC 

interconnect has emerged from the design automation community. The purpose of model 

reduction is to generate models that are of orders of magnitude smaller than the original 

system, while accurately approximating the input–output relationships of the original 

system. There are numerous applications, however, where abstracting transistor-level 

circuit details that include important weakly nonlinear effects into a compact macromodel 

is important. 

        For instance, in RF communication IC design there is a growing interest in 

extracting efficient circuit-level models which are capable of capturing system nonlinear 

distortion. While circuit blocks in these applications often exhibit weak nonlinearities, the 

design specification for linearity is often extremely important and very stringent. As 

depicted in Fig10, building compact black box type macromodels that accurately capture 

nonlinear input–output correspondence not only facilitates efficient repetitive simulations 

of the circuit component being modeled, but also enables the entire-system verification 

that would otherwise be impossible. In terms of nonlinear model generation or reduction, 

symbolic modeling of weakly nonlinear circuits has been used to build system-level 

models [8]. The underlying mathematical description employed is Volterra series and the 

resulting model is in a block-diagram form suitable for signal-flow type simulation using 

tools such as Matlab Simulink. 
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Figure 10 Macromodeling of nonlinear circuits [8] 

 

        In a different direction, transformation-based model order reduction techniques have 

been stimulated by the progress made for model order reduction of large linear IC 

interconnects in the past decade [10] [11]. A piecewise-linear approximation based 

nonlinear systems reduction was proposed in [12], where a set of linearizations about the 

state trajectory due to a training input was used to model a nonlinear system and each 

linearization is reduced using Krylov projection. While having the potential capability of 

handling large nonlinearities, the limitation of this approach is its training-input 

dependency. This piecewise-linear approximation was recently extended to a piecewise- 

polynomial approach to better model nonlinear distortion. 

        For a broad class of weakly nonlinear systems in analog signal processing and RF 

communication ICs, the low distortion level, as well as the required modeling accuracy, 

seemingly makes Volterra series a more suitable choice for system description. The 

application of Volterra series makes it possible to solve the circuit response of a weakly 
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nonlinear system from low orders to high orders via a recursive procedure, commonly 

referred to as nonlinear current method. More importantly, frequency-domain 

characterizations based on Volterra kernels or nonlinear transfer functions fully describe 

the input-independent system nonlinear properties in a manner analogous to the use of 

linear transfer functions for linear system properties. Projection-based nonlinear model 

order-reduction frameworks for weakly nonlinear systems were first proposed in [10] by 

extending the popular implicit moment-matching projection techniques used for 

interconnects, such as PVL [Pade via Lancoz], the Arnoldi method, and PRIMA [Passive 

Reduced Order Interconnect Macromodeling Algorithm]. The work of [10] a uses the 

Taylor series expansion of nonlinear state equations to represent a weakly nonlinear 

systems. Then, the nonlinear system model inherited in the recursive nonlinear current 

method is employed to view a weakly nonlinear system as a set of interconnected linear 

networks. 

        The benefit of this perspective is that it immediately allows the use of existing linear 

system-reduction techniques to serve as blackbox tools to reduce each individual linear 

network for achieving the goal of overall nonlinear system reduction. However, 

converting a nonlinear reduction problem to several linear reduction problems leaves 

several important issues unaddressed. First, it becomes not clear that how the quality of 

each linear reduction problem impacts the accuracy of the overall nonlinear model. 

Second, the approach does not provide strategies for optimizing the reduced nonlinear 

model. Another approach, which provides an interesting theoretical foundation, uses the 

bilinear form of a nonlinear system and matches the moments of nonlinear transfer 

functions analogously to Padé approximations [14] of Linear Time Invariant (LTI) 
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systems. The use of bilinear form allows the nonlinear transfer function moments to be 

expressed in a very structured fashion such that a projection-based moment-matching 

reduction scheme can be elegantly derived. The critical issue associated with this 

approach is that by converting a standard state-equation form to its bilinear counterpart, a 

large number of additional state-variables are introduced. For instance, the bilinear form 

of a system including up to the third-order nonlinear coefficient matrices has O (N3) state 

variables, where N is the number of state variables in the original state-equation form. 

                 It is very important to note that under the projection framework, the reduced 

model compactness is critical for effective nonlinear model reduction. This is because as 

the order of moment- matching increases, the size of the reduced order model increases 

even more rapidly. At the same time, as the size of the reduced model grows, it becomes 

increasingly costly to explicitly form the resulting high-order system matrices of the 

reduced order model, thereby eliminating any possible benefit of model reduction. 

        Given that the primary limitation is the size of the reduced order models, a different 

path was proposed for producing more compact reduced order models for nonlinear 

systems in [10] [11]. The used method to model order reduction is projection-based 

nonlinear model order-reduction techniques start from the same Volterra formulation for 

weakly nonlinear systems. However, this approach possesses the following key 

differences from the prior work. Unlike the method in [9], where moment matching of 

nonlinear transfer functions are not explicitly considered, as well as the approach in [8], 

where large bilinear forms are used, we begin with the most general matrix-form 

nonlinear transfer functions needed for model order reduction. To disclose the problem 

structure of nonlinear model order reduction, moments of nonlinear transfer functions and 
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associated Krylov subspaces are further derived in the matrix form. This development 

leads to a deeper understanding on the interaction between Krylov subspace projection 

and the moment matching under nonlinear context. In this thesis it is shown that efficient 

(implicit) moment matching of nonlinear transfer functions can lead to compact nonlinear 

reduced order models. Our analysis allows us to establish an optimal link between 

moment matching and Krylov subspace projection. The efficiency of the proposed 

nonlinear model order-reduction method (NORM) scheme is based on an optimal 

construction of the projection matrix. Under the projection framework, NORM produces 

the optimized reduced order models in the sense that any given number of nonlinear 

transfer function moments can be matched by projecting the original nonlinear system 

onto a set of minimum Krylov subspaces. As a result, a significant improvement on 

model compactness is achieved, which is essential to nonlinear model order reduction. In 

this thesis, we extend the work in [12] to a complete reduced-order modeling 

methodology for weakly nonlinear analog and RF circuits. In particular, the expressions 

of nonlinear transfer function moments, which are essential to the NORM algorithm, are 

fully derived.  

        The NORM algorithm has several important features for controlling the growth of 

reduced order models. First, the modeling accuracy for the nonlinear effect at each order 

can be selected individually for application-specific needs, while the overall reduced 

nonlinear model is optimally constructed based on the interactions of moment matching 

for nonlinear transfer functions of different orders. This is important, as it avoids the 

introduction of useless projection vectors for moment matching, which can potentially be 

the case in the method of [10]. Second, to target the nonlinear system behavior within the 
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circuit-specific frequency band of interest, the procedure for moment-matching with 

complex expansion points is accommodated. This is particularly useful for certain 

narrow-band RF systems for which it is beneficial to expand the nonlinear transfer 

functions along the imaginary axis about the center frequency. Different from the 

reduction of the LTI system, it is shown that moment matching of nonlinear transfer 

functions at a single frequency expansion point inherits multiple matrix factorizations. 

Therefore, special care must be taken in order to perform the task correctly. For systems 

with sharp frequency selectivity, such as high-Q circuits, a full projection-based approach 

can still be limited by the need of forming the reduced high-order system matrices. This 

is due to the fact that a large number of projection vectors may be required to model the 

nonlinear system frequency domain characteristics accurately in the band of interest, 

leading to large and dense reduced high-order matrices. 

  

Background on Volterra Series 

        For simplicity, consider a single-input multi output system described by the 

following modified nodal analysis (MNA) formulation 

                        ( )( ) ( )( )( ) ( ),tbutxq
dt
d

txf =+             )()( txDty T=                               (3.18) 

Where nRxÎ  is the vector of node voltages and branch currents; u  is the input to the 

system, (.)f  and (.)q  are nonlinear functions relating currents of nonlinear resistors and 

nonlinear charges/fluxes with yx;  is the vector of the output; b and D are the input and 

output matrices, respectively. Assume that the weakly nonlinear system is perturbed 
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about a dc bias condition 0x  by a small-signal input. Using a Taylor series to expand 

(.)f  and (.)q  at the bias point0x , and considering only small-signal quantities, we obtain 

                                 
)(...)()(

...)()((

321

321

tbuxxxGxxGxG

xxxCxxCxC
dt
d

=+ÄÄ+Ä++

+ÄÄ+Ä+
                         (3.19)                   

Where Ä  is the Kronecker (tensor) product operator, ( )tx  and ( )tu  are the small-signal 

response and the input of the system. 
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are the i  th-order conductance and capacitance matrices, respectively.  

 
A nonlinear system can be analyzed using Volterra functional series under weakly 

nonlinear conditions. In Volterra series, the response ( )tx  can be expressed as a sum of 

responses at different orders 

                                                )(

1
)( tn

n
xtx �

¥

=
=                                                              (3.21) 

Where nx  is the nth order response. In an intuitive sense, the order of a response 

component specifies the cumulative number of multiplications of the input signal 

resulting the corresponding response. In practice, a converging Volterra series of (3.2) is 

truncated to a finite number of terms, and each order of response is solved recursively. 

The first order or linear response of the weakly nonlinear system in (3.2) is obtained 

simply by retaining only first-order terms in (3.2)    
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                                         ( ) )()()( 1111 tbutxGtxC
dt
d

=+                                         (3.22) 

Notice that (3.3) represents a linear time-invariant (LTI) system. Higher order responses 

are computed by solving the linear system with different inputs. The second- and the 

third-order responses are given by the following two equations, respectively: 

                      ( ) ( ) )()()()( 1121122121 xxGxxC
dt
d

txGtxC
dt
d

Ä-Ä=+                        (3.23) 

                         
( ) ( )
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)(2)()(

2121113

11211133131

xxCxxxC
dt
d

xxGxxxGtxGtxC
dt
d

Ä+ÄÄ-

Ä-ÄÄ-=+
                       (3.24) 

Where )( 11 xx Ä ( ) )()()2/1( 1221 xxxx Ä+Äº     

The n th-order response can be related to Volterra kernel of order ),...,(, 11 nhn tt , which is 

an extension to the impulse response function of an LTI system   

                         nnnnn ddtutuhtx tttttt ...)()...(),...(...)( 111 --´= � �
¥

¥-

¥

¥-

                  (3.25) 

Alternatively, a weakly nonlinear system can be analyzed in the frequency domain, where 

),...( 1 nnh tt  is transformed into the frequency domain via Laplace transform 

                           n
ss

nnnn ddehssH nn tttt tt ...),...(...),...,( 1
)...(

11
11 ++-

¥

¥-

¥

¥-

´= � �                (3.26) 

In (32), ),...,( 1 nn ssH is referred to as the nonlinear transfer function of order. The  

n th-order response, can also be related to the input using ),...,( 1 nn ssH  

        It can be seen that Volterra kernels and nonlinear transfer functions specify the 

weakly nonlinear system response due to an arbitrary input. Thus, they are input-
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independent properties of the system, and fully describe the weakly nonlinear system 

behaviors. As such, if the original nonlinear transfer functions are well approximated in a 

reduced order model using a method such as moment matching, it would be well 

expected that original nonlinear system properties are accurately modeled by the reduced 

model. 

 

3.4 Nonlinear Model Order Reduction Techniques 

        A projection-based nonlinear model order reduction approach was proposed in [8] 

and [10], where reduction techniques for LTI systems were properly extended to take the 

weakly nonlinear aspects of a system into consideration. For simplicity of description, 

consider the expanded state-space model of the nonlinear system in (3.1) 

                               buxxxAxxAxA
dt
dx

++ÄÄ+Ä+= ...)()( 321                               (3.27) 

        Similar to (3.5)–(3.7), the first-order through the third-order nonlinear responses of 

the system are given by 

                                                         buxAx += 11

.

                                                   (3.28) 

                                                 )( 1121

.

2 1
xxAxAx Ä+=                                            (3.29) 

                                  )(3)(2 1112121

.

3 1
xxxAxxAxAx ÄÄÄ+=                               (3.30) 

        The key observation is that (34)–(36) represent three LTI systems with inputs 

formed by  u , 11 xx Ä , and [ )( 21 xx Ä T
 , )( 111 xxx ÄÄ T]T  respectively. Each of these LTI 

systems can be, in turn, reduced to a smaller system using any existing projection method 

such as that of [3]–[6]. If the system in (3.11), with n states, is reduced to a system with 



 42 

q1 states through a Krylov subspace projection 1q1.V
1

xx =  then the inputs to (3.12) can 

be approximated by  

                              )).(VV(.V.V 11q1q11q11q111 xxxxxx ÄÄ=Ä»Ä                           (3.31) 

        This suggests that (18) now can be viewed as q1
2 having inputs instead of n2 inputs, 

and can be reduced by a Krylov projection 2q22 .V xx =  to a smaller system with q2 states. 

Now, the number of inputs to (3.14) is reduced from 32 nn +  to 21
3

1 qqq +  . Finally, (3.14) 

can be reduced to a smaller LTI system with q3 states via projection 3q33 .V xx =  . The 

final reduced nonlinear model can either be expressed in the form of a collection of 

reduced linear systems, or be described by a smaller set of nonlinear equations using 

variable embedding xx .V= , where V is an orthonormal basis of ],[ 32,1 qqq vvv  , and 

1)3( 21 ´++Î qqqRx  are the states of the final reduced nonlinear model. For the latter case, for 

instance, the third-order matrix is reduced to a matrix of a smaller dimension 

as )(33 VVVVAA ÄÄ=  . It is important to note that the reduced third order matrix is 

usually dense and has O (q4) entries, where is the number of states of the reduced model. 

Therefore, achieving model compactness is crucial for effective model reduction. Center 

frequency f0 of a narrow-band amplifier, it might be desirable to expand the third transfer 

function H (S1, S2, S3) at expansion point )2,2,2( ooo fjfjfj P-PP  . To correctly perform 

the moment matching under this case, an understanding in the interdependency between 

nonlinear transfer functions of different orders is required [12]. These issues are 

addressed in detail as thesis presents the nonlinear model reduction algorithm in the 

following sections. 



 43 

3.5 Matrix-Form Nonlinear Transfer Functions and Moments 

 
        To derive an efficient model order-reduction methodology for weakly nonlinear 

systems, an understanding of Volterra nonlinear transfer functions is needed. First, the 

general matrix-form nonlinear transfer functions suitable for model order reduction is 

derived. In what follows, nonlinear transfer-function moments will also be cast in a 

matrix form. Without loss of generality, the MNA formulation for a single-input multi 

output (SIMO)-based weakly nonlinear system in (3.1) and its expanded form in (3.2) is 

considered. The nonlinear transfer functions presented here are the corresponding matrix- 

form expressions of the analytical nonlinear current method used for computing Volterra 

kernels. Before proceeding, the notations used throughout this thesis are presented. For 

matrices in (8) it is defined that 

                                                            1
1

1 CGA --=                                                      (3.32) 

                                                           bGr 1
11
--=                                                         (3.33) 

                                                           212 rrr Äº                                                         (3.34) 

                                                          3213 rrrr ÄÄº                                                   (3.35) 

 

and for an arbitrary matrix F 

 
nmlnml FFFF Ä×××ÄºÄ×××ÄÄ  

                                                 
)(

2
1 lmmlml FFF ÄÄÄ +º

                                        (3.36) 
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    )(
6
1 lmnmlnlnmnlmmnlnmlnml FFFFFFF ÄÄÄÄÄÄÄÄÄÄÄÄÄÄ +++++º                 (3.37) 

Additionally, the Krylov subspace Km (A, p) corresponding to matrix A and vector 

(matrix) p as the space spanned by vectors {A, Ap,…., Am-1p} is defined. For the system 

in (3.1) and (3.2), the first-order transfer function for the state-variables x  is simply the 

transfer function of the linearized system. 

                          ,)()( 111 bsHsCG =+   or   bsCGsH 1
111 )()( -+=                           (3.38) 

Defining  21 sss +=  it can be shown that the second-order transfer function is given by 
 
 

                              )()(].[),(][ 21112221211 sHsHCsGssHCsG Ä+-=+                  (3.39) 
 
 
Where ( ))()()()(2/1)()( 112121112111 sHsHsHsHsHsH Ä+Ä=Ä .       

        Similarly, )()()( 312111 sHsHsH ÄÄ  is the arithmetic average of the terms of all 

possible permutations of frequency variables in the Kronecker product With 

321 ssss ++= , the third-order nonlinear transfer function is given by the following 

equations: 

)()()(].[),,(][ 31211133321311 sHsHsHCsGsssHCsG ÄÄ+-=+  

                           ),()(].[2 32211122 ssHsHCsG Ä+-                                            (3.40) 

                                                                 

 ),()(),()((
6
1

),()(].[ 312213221132211122 ssHsHssHsHssHsHCsG Ä+Ä=Ä+  

)(),(),()( 3121221231 sHssHssHsH Ä+Ä+  

                              ))(),()(),( 1132221312 sHssHsHssH Ä+Ä+                         (3.41) 

Expanding (43) at the origin as Mclaurin series 
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Where M1,k = Ak r1 is Kth order- moment of first order transfer function. Expanding 

),( 212 ssH  at the origin (0, 0) 
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Where lkM ,,2 is a kth – order moment of 2nd order transfer function. To derive the 

expressions for the moments of  ),( 212 ssH  , substituting (30) into (26) and expanding 

with respect to 21 sss +=   yields 
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Comparing (48) with (49). The moments of ),( 212 ssH  can be expressed as 
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Table 2 Moments of H2 (S1, S2) [20] 

Order                  Moment 

0th order 
22

1
1 rGG --  

1st order 

(s1,s2) terms 

2
01

2
1

122
1

122
1

1 rAGGrGAGrCG Ä--- ---  

2nd order 

(s1
2,s2

2) terms 

2
02

2
1

12
01

2
1

122
1

1
2

2
01

2
1

122
1

1 rAGGrAGAGrGGArACGrCAG Ä-Ä--Ä-- -----  

2nd order 

(s1,s2) terms 

2
01

2
1

12
01

2
1

12
01

2
1

1 rAGAGrAGGrACG Ä-Ä-Ä- --  

                                        
Similarly, the third-order transfer function can be expanded at the origin (0, 0, 0) as 
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Where  mlkM ,,,3  is a kth order moment given by 
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with  
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        As an example, the first few moments of are shown in Table I. Clearly, nonlinear 

model order reduction is intrinsically more complex and costly than that of LTI systems. 

Also note that in (3.11) and (3.12), symmetric nonlinear transfer functions (symmetric 

w.r.t frequency variable permutations) are used. This is advantageous for model reduction 

as the numbers of moments need to be matched for and are approximately reduced by a 

factor of 2 and 6, respectively, when expanding them at a point with equal coordinates 

such as the origin.  

 

3.6 NORM(Nonlinear reduced order modeling) 
 
        A nonlinear reduced order model is a Kth order model in H1(s), H2(s1,s2) or 

H3(s1,s2,s3) ,if and only if up to Kth order moments lmklMklM mll ££££££ 0,0(,0 ,,,2,1  

or )0,0,0,,,3 mlnlmklM nml -££££££ of the first (second- or third-order) transfer 

function of the original system defined in (3.24), ((3.25), or (3.28)) are preserved  in the 

reduced model. a second-order reduced model in H2 preserves the moments of H2 which 

correspond to the coefficients of terms (S1
0,S2

0), S1,S2, S1S2, S1
2 and S2

2 in the expansion. 

To derive a set of minimum Krylov subspaces for the most compact order reduction, 

understanding the interaction between the moments of nonlinear transfer functions at 

different orders is important. For the moment matching of H2 (s1, s2) this interaction is 
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manifested in (3.26). The S1
p, S2

q term in the expansion of H2 , where p, q are integers, is 

a consequence of two power series expansions: expansion of  H1 in (3.24) and that of H2 

in (3.25) with respect to 21 sss +=  . As a result, the K th-order moment of H2 depends on 

the moments of H1 with an order less or equal to. As such, the final expression for M2,l,m 

is in a form as shown in (2.27). The expression for M3, l, .m, n is derived similarly in a more 

complex form in (3.29). 

 

3.6.1 NORM Algorithm  
 
Input: G1, C1, G2, C2, G3, C3, b, D, k1, k2, k3, k1� k2� k3 

1. Compute a Krylov subspace of A to match k1th order moments of 

)).,((: 1111 1
rAKqrVH K +¬  

2. Compute the following Krylov subspaces to match the moments of H2 up to k2th order: 

[ ];2 ¬V  

     2.1. For each m� 0, n� 0, m� n, m+n� k2 

            ( )[ ]),(,, 12222
1

1 2
vAKqrVVrAGGv nmk

nm
+--

Ä- ¬=  

     2.2. For each m� 0, n� 0, m� n, m+n� k2-1 

           ( )[ ]),(,,
22222

1
1 vAKqrVVrACGv nmk

nm
--

Ä- ¬=  

3. To match moments of H3 up to K3th order compute the following Krylov subspaces:      

[ ];1 ¬V  

      3.1. For each m� 0, n� 0, l� 0, m� n� l, m+n+l� k3 

              ( )[ ]),(,, 13323
1

1 3
vAKqrVVrAGGv lnmk

nml
+---
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i
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, bVb T=
i

 

    DVD T=
i

, ( )VVGVG T Ä= 22

i

, ( )VVCVC T Ä= 22

i

 

     ( )VVVGVG T ÄÄ= 33

i

, ( )VVVCVC T ÄÄ= 33

i

                                                    [12] 

 

 
3.6.2 Size of The Reduced Order Models 
 
        Similar to the linear case, we define the size of a nonlinear model as shown in (2) in 

terms of its number of unknowns. Under the context of projection-based framework, the 

size of a nonlinear reduced-order model is equal to the total number of projection vectors 

employed to approximate nonlinear transfer functions of different orders. 

 
 
3.6.3 Multi Point Expansion 
 
        To target at a system’s particular input-frequency band of interest, particularly for 

RF circuits, it might be desirable to expand both linear and nonlinear transfer functions at 

points other than the origin, such as along the imaginary axis. It is crucial to note that 

under the nonlinear context, a single-frequency expansion point along the imaginary axis 

may inherit multiple matrix factorizations due to the nonlinear frequency mixing effects.                           
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       In order to build the most compact model, one would opt to expand H1(s) at s= j2� f0. 

To correctly perform moment matching for H2 and H3, the respective expansion points 

for high-order transfer functions should be (j2� f0, j2� f0) and (j2� f0, -j2� f0) for H2 and 

(j2� f0, j2� f0, -j2� f0) for H3 respectively. Here, the use of two expansion points for H2 

takes care of matching second order mixing effects in terms of both sum and difference 

frequencies around the center frequency, and also ensures the moment matching of the 

third-order in-band intermodulations. 

        In addition to the benefit of using specific expansion points, a multipoint projection, 

where several expansion points are used simultaneously, has a unique efficiency 

advantage in terms of model compactness over the single-point method. Although 

multipoint methods do not bring such an advantage for LTI system reduction, adopting 

multipoint methods for nonlinear systems can lead to significantly smaller reduced 

models. To see this, first notice the unsurprising fact that the size of the nonlinear 

reduced order model grows faster than the order of moment matching.  

       Previous research showed that the reduced order Pade approximation model was 

compared with the full model for runtime comparison over the RF mixer circuit [11] [12]. 

The reduced order model achieved the results in very less time, 2~3 seconds against 

415~425 seconds of the full model. The reduced order model for the mixer circuit 

generates 14-state model, while matching six moments of H1, 12 moments of H2, and 4 

moments of H3. The corresponding full model generates 2403–state model. 
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CHAPTER 4 

 

IMPLEMENTING   THE  PROPOSED MODELS 

 

4.1 Behavioral Modeling 

         Behavioral Modeling is the science of accurately expressing measured behavior of 

an object, be it linear or nonlinear, with easily generated equations. The behavioral 

modeling objective is to formulate a single closed form equation representing a measured 

parameter. That measured parameter might be a function of multiple orthogonal 

independent variables that simultaneously control the object’s behavior. 

        The behavioral models are simplified models of the essential nonlinear behavior of 

the complex sub-circuits; this simplification means that these models will execute more 

quickly, and use much less memory than if an entire complex subsystem was simulated at 

the transistor level. The critical need for nonlinear modeling techniques is a recent 

development driven by the increased size and complexity of ICs in the RF regime, as well 

as the adoption of more complex signal modulation techniques. The availability of such 

nonlinear modeling techniques will enable designers to make use of the advances in the 

simulation technology at higher levels of the design hierarchy [24].�

          Two basic behavioral models for weakly nonlinear circuits have been proposed. 

The nonlinearity can be well described by the first three terms in the power series. It 

implies that all higher order terms contributed to distortions are negligible. The basic 

models are structured to consist of a resistive nonlinear gain block (Nonlinear circuit) and 

a frequency shaping block (e.g. low pass filter). When nonlinearity is described by 
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Volterra series, the direct calculation of third order Volterra kernel is a daunting task. For 

this reason, we employ model order reduction, where it captures the moments of more 

dominant components. 

        The idea is that the frequency dependent nonlinearity is orthogonalized into two 

independent behavior blocks. One is the frequency independent nonlinear gain block, 

which models the nonlinearity dependency on signal levels (amplitudes). Nonlinearity 

can be well described using mixers. The other is the frequency shaping block, which only 

captures the behavior of frequency dependency of the nonlinearity of the signal 

processing.  

      The device under test (DUT) was chosen to be Mixer. The purpose of a mixer is to 

convert a signal from one frequency to another. Mixers can up-convert or down convert a 

signal to higher or lower frequencies respectively. In this thesis, a down conversion mixer 

is considered where a RF (radio frequency) is multiplied by local oscillator (LO) at the 

input to the mixer to be down converted to the IF frequency (intermediate frequency) 

signal.  

 

4.2 The Proposed Model A 
 
       In the proposed model, a resistive nonlinear gain block is cascaded before a 

frequency shaping block with transfer function x (j� ). Its block diagram is shown in 

Figure11. The nonlinear gain block includes the transfer function. The purpose of LPF at 

the output of nonlinear circuit is to reduce the number of harmonics generated in the 

circuit. 
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Figure 11 Block diagram of proposed Model A 

 
This block diagram is analogous to 

 

 

Figure 12 Schematic of the proposed Model A 
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Figure 13 O/p waveforms of mixer before and after IF filter [18] 
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Looking at Figure13, the mathematical expressions for Figure12 can be written as 

follows.  

3
3

2
21 iii SaSaSaS ++=�  

Since x(j� ) is the transfer function of nonlinear resistive gain block 

                                                    �� � SjHS H )( w=                                                  (4.1) 

Thus, the amplitudes of the harmonic terms are: 

                                     
)()

4
3

( 3
1211 wjHSaSalfundamenta -=

                                  (4.2) 

                                         )(
4
1

3 3
3

13 wjHSardOrderHD =                                            (4.3) 

       Assuming H (j w �) is normalized to its maximum value, the model says that the 3rd 

order harmonics distortions (HD) component due to an input signal at frequency f1 should 

have the same frequency response as the fundamental frequency response at 3f1. The 

amplitude of the 3rd order inter-modulation distortion (IMD) at frequency  )2( 12 ff -  is: 

                                      )(
4
3

3 123
2

213 ww jjHSSardOrderIMD -=                        (4.4) 

       If )( 12 ww » �holds, which is usually true, because the interference from adjacent 

channels is practically a major concern, then we may conclude 

                                                )(
4
3

3 13
2

213 wjHSSardOrderIMD =                        (4.5) 

Thus, we have predicted that the 3rd order inter-modulation has a similar frequency 

response as the fundamental frequency response.  
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4.3 The Proposed Model B 
 
In the proposed model B, a resistive nonlinear gain block is cascaded after the frequency 

shaping block with transfer function )( wjy . Its block diagram is shown in Figure 23. 

 
3

3
2

21 iii SaSaSaS ++=�  

 

Figure 14 Block diagram of proposed Model B 

 
We can calculate the amplitudes of the harmonics terms as follows 

)(
4
3

)( 3
3

12111 ww jHSajHSalfundamenta +=
 

                                                     )(111 wjHSa»                                                            (4.6) 

                                          )(
4
1

3 3
3

13 wjHSardOrderHD =                                   (4.7) 

       The approximation in the fundamental response is based on the assumption that the 

weak nonlinearity in the signal processing and distortion terms are determined by lower 

order coefficients. The result shows that the fundamental frequency response is linearly 
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proportional to )( wjH . Also, the 3rd order inter-modulation distortion at frequency (2f2-

f1) is denoted as 

                                      )(
2
3

3 3
2

213 wjHSSardOrderIMD =                                (4.8) 

It means that the frequency response of the 3rd order inter-modulation component is 

proportional to )(3 wjH . As compared to the fundamental frequency response, we noticed 

that there is a correlation between the higher order distortion terms and fundamental 

frequency responses. This relation suggests that we could use the fundamental frequency 

response to estimate the frequency response of higher order distortions. 

 

4.4 Compositional Behavioral Model- Model C 
 
       The proposed Model C is a compositional model based on the first two basic models, 

A and B. It consists of two resistive nonlinear gain block cascaded before and after a 

frequency shaping block with transfer function. )( wjH  

 

 

Figure 15 Block diagram of the proposed Model C 

Similar to the proposed methods A and B 
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�� � SjxS x )( w=  
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Its 3rd order term is 
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and the 3rd order inter-modulation distortion at frequency )2( 21 ww - �is 
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       Assume 12 ww » , then terms with all the frequencies 

at )(),(),( 121121 wwwwww +-+-   �have fallen out of band. 3rd order IMD term is then 

simplified to 

)()()()( 11113131 wwww jxjxjxacjxac +  

Hence, the amplitude of 3rd order IMD approximately equals to 

                                                
3

13131 )()( ww jxacjxac +                                     (4.10) 

The model order reduction is used to find the transfer functions x(jw). 

       Consider the circuit function output from Model A and B, we use Moment Matching 

Model order reduction [8] (Pade approximation) to speed up. The approximation method 

used here is actually a specific type of a well-known rational function approximation 

called Pade approximation. 
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The main idea is that we only keep parts of moments of original function here in order to 

speed up as shown in Fig 5. This model order reduction technique may apply to the 

proposed Model A, B, and C. 

 

 

Figure 16 Reduced order modeling system of 1st, 2nd and 3rd order Volterra circuits. 

 

4.5 Implementation of Proposed Methods in RF Spectre Simulator 
 
       The Spectre circuit simulator is a modern circuit simulator that uses direct methods 

to simulate analog and digital circuits at the differential equation level based on harmonic 

balance technique. The Spectre RF simulator analyses add several capabilities to Spectre 

simulation, such as direct computation of steady-state solutions and simulations of 

circuits that translates frequency, thus enabling efficient simulations for the mixers, 

oscillators, VCOs’, switched-capacitor filters and so on. The Spectre RF Simulator is 

represented by 6 analyses. 
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         1. PSS: Periodic Steady State Analysis 

         2. PAC: Periodic AC Analysis 

         3. PXF: Periodic Transfer Function Analysis 

         4. PNOISE: Periodic Noise Analysis 

        5. PDISTO: Periodic Distortion Analysis 

        6. Envelope Analysis 

 
 
4.5.1 Spectre RF in Design Flow 
 

 

Figure 17  Spectre RF design flow 

The design block includes schematics of the circuits. The analog artist environment 

enables users to model their designs. The netlist block performs the extraction of 
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components directly from schematic. The extracted parameters are then fed to Spectre 

engine to perform the required analysis. In this thesis, PAC, PSS, and PDISTO analysis 

are used to measure third-order intermodulation and harmonic distortions directly from 

plot results. 

 

4.5.2 Periodic AC Analysis (PAC) 
 
       PAC is a small-signal analysis like AC analysis, except the circuit is first linearized 

around a periodically varying operating point as opposed to a simple DC operating point. 

Linearizing around a periodically time-varying operating point allows analyzing transfer-

functions that include frequency translation. When a small sinusoid is applied to a linear 

circuit that is periodically time-varying, the circuit responds with harmonics. PAC 

computes a series of transfer functions, one for each frequency. These transfer functions 

are unique because the input and output frequencies are offset by the harmonics of the 

local oscillator (LO) [24].  

       The PAC small signal analysis assumes that the circuit responds in a small signal 

fashion to the sinusoidal stimulus. This is accomplished by keeping the magnitude of the 

PAC signal at least 10 dB below the 1 dB Gain Compression Point (GCP). The 

harmonics of the small signal PAC tone are not computed, although small signals can be 

used to measure distortion caused by the large signals present in the PSS analysis. For the 

transfer function to be accurate, a large number of time steps, during the PSS analysis, are 

needed at the small signal frequency. If the analysis frequency of the small frequency 

analysis is too high, the accuracy degrades.  
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The maxfreq parameter of the PSS analysis can be used to specify the highest frequency 

that Specte RF uses in subsequent small signal analyses. The periodic AC analysis is 

always performed after periodic steady state analysis 

 

4.5.2 PAC Analysis Overview 
 
       PAC computes the transfer function from one input to many outputs. PAC is similar 

in concept to normal small-signal AC analysis, but it also calculates frequency 

conversion effects. 

 

fundiinout PSSKff +=  

where fin represents the input frequency, and Ki are the PAC sidebands 

 

 

Figure 18 PAC side bands 
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4.5.3 Setting up PAC Analysis  
 
Specify the following information when running a PAC analysis 

 

Figure 19 PAC Analysis set up 

• Call the window “Choosing Analyses”; in the “PSS” form, fill in the form as left; then 

click Apply. 
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 • Click on PAC in the Choosing Analyses form, and setup the form as left; then click    

   OK. 

• The Frequency Sweep Range sets the sweep range on the psin (port) component at the         

   input port which has a PAC magnitude parameter value specified. The value for  

   maximum sideband is relative to the Fundamental frequency. Since the LO frequency  

   and PSSfund are equal, you get the results of mixing the RF with the 0 through 3rd  

   harmonic of the LO. 

• Select Netlist and Run. 

 

4.5.4 Periodic Steady State (PSS) Analysis 
 
Periodic small signal analyses address periodically driven circuits using a two step 

process. First, the periodic operating is found by performing a periodic steady state 

analysis. The circuit is then linearized about the periodic operating point, and the staeady-

state response of the periodically-varying linear circuit is computed assuming that it is 

driven with small sinusoid at an arbitrary frequency. The features of PSS are as follows. 

      • Directly computes the periodic steady-state response of a circuit in the time domain. 

      • Iterative Shooting Newton method is employed. 

      • Calculate frequency translations using the saved matrices at every time point. 

      • The fundamental frequency of the circuit or system is determined, based on integer    

         multiples of all source frequencies. 

      • The circuit is evaluated for one period of the common frequency, and the period is  

         adjusted until all node voltages and all branch currents fall within a specified      

         tolerance. 



 65 

Periodic steady state analysis assumes the applied signals to be periodic and linear. If 

periodicity assumptions fail, PSS analysis will not converge. 

 

Figure 20 PSS operation 

 

4.5.5 PSS Simulation Set up 
 

 

Figure 21 PSS set up 
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• Model library setup. 

• Call the window “Affirma Analog Circuit Design Environment”; key in appropriate 

value for the variables in the “Design Variables” section. 

• Analyses ® Choose. In the window “Choosing Analyses”, select PSS. 

 

4.5.6 Periodic Distortion (PDISTO) Analysis 
 
       PDISTO analysis directly computes the steady-state response of a circuit driven with 

a large periodic signal, such as an LO (local oscillation) or a clock, and one or more tones 

with moderate level. With PDISTO, you can model periodic distortion and include 

harmonic effects. PDISTO computes both a large signal, the periodic steady-state 

response of the circuit, and also the distortion effects of a specified number of moderate 

signals, including the distortion effects of the number of harmonics that you choose. This 

is a common scenario when trying to predict the intermodulation distortion of a mixer, 

amplifier, or a narrow-band filter. In this analysis, the tones can be large enough to create 

significant distortion, but not so large as to cause the circuit to switch or clip. The 

frequencies of the tones need not be periodically related to each other or to the large 

signal LO or clock. Thus, you can make the tone frequencies very close to each other 

without penalty, which allows efficient computation of intermodulation distortion of even 

very narrow band circuits. The features of PDISTO are as follows. 

• PDISTO is an analysis that invokes a series of PSS like analyses over all input 

frequencies, their harmonics, and the intermodulations of the frequencies and harmonics. 
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• Similar to PAC, the PDISTO analysis calculates the responses of circuits that exhibit 

frequency translations. However, instead of simulating small signal behavior, PDISTO 

models the response from moderately large input signals. 

• Use PDISTO to calculate intermodulation distortion from two or more large input 

signals. PDISTO treats one particular input signal as the large signal, and the others as 

moderate signals. 

• PDISTO allows arbitrary signal inputs, including sums of sinusoids that might not be 

periodic, it as a quasi-periodic extension of PSS. PDISTO can be thought of as an 

extension of PAC that allows signal inputs, capable of producing third-order products, to 

be used. 

 

4.5.7 PDISTO Simulation Set up 
 

 

Figure 22 PDISTO simulation set up 
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In the Choosing Analyses form, select PDISTO for the analysis. Use the Clear/Add button 

to change the values in the fundamental tones list box. Select the output terminals to be 

saved and plotted before the simulation. Select Netlist and Run button [24]. 
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CHAPTER 5 

 

TESTING  AND RESULTS 

 

 

5.1 Testing 
 
       The simulations are based on wideband IF double conversion a CMOS Gilbert 

double-balanced mixer with center frequency at 2GHz. Simulator is chosen to be RF 

Spectre. The comparison results of full model and reduced order models are showed in 

the plots and table below. The fundamental frequency response is simulated by 

performing periodic AC analysis (PAC) on the RF input, with a large local oscillator 

(LO) signal but no RF signal present. The harmonic distortions are simulated by 

performing a periodic steady state analysis with parameter fund (fundamental frequency) 

equals the frequency of the RF signal. A small amplitude signal 10mv is applied to the 

RF input. The intermodulation distortions are simulated by performing periodic distortion 

analysis (PDISTO) with two equal amplitude small signals applied to the RF input. 

PDISTO treats the LO as large signal and the other two RF signals as small and moderate 

signals. 

      The estimations of the third-order intermodulation distortions are based on the 

frequency response of the fundamental, and a reference third-order intermodulation 

distortion at lower frequency. The third-order intermodulation distortion is chosen to be 

the key performance metrics because other order intermodulation terms are either too 

small or out of band.  In the mixer, we assume the local oscillator is ideal and does not 

contribute to the distortions at the output. The simulations are first performed on full 
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model of mixer circuit and then performed on reduced order model. The numbers in the 

tables are from simulated output spectrum of mixer circuit. The third-order 

intermodulation and harmonic distortions are measures of amplitudes of harmonics in dB 

below the output fundamental frequency. 

 

5.2 Results 
 

 

Figure 23 Mixer schematic in Spectre simulator 
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Figure 24 Output spectrum with PDISTO analysis 

 

 

Figure 25 HD3 comparison of MOR A with full model 
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Table 3 Error (%) of HD3 and IMD3 of MOR A 

Average HD3(dB) 

 

Average IMD3(dB) Error (%) 

Full MOR A Full MOR A HD3 IMD3 

3.2 2.9 -41.5 -37.5 9.3 9.6 

2.45 2.7 -37.5 -32 10.2 14.8 

1.5 1.65 -30 -22 10 26.6 

1.1 0.9 -21 -18 14.1 19 

 

 

 

 

Figure 26  HD3 comparison of MOR B with full model 
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Table 4 Error (%) of HD3 and IMD3 for Model B 

Average HD3(dB) 

 

Average IMD3(dB) Error (%) 

Full NORM- B Full NORM- B HD3 IMD3 

2.9 2.6 -41 -38 10.3 7.3 

2.4 2.9 -39 -36 20.8 7.6 

1.2 1.35 -29 -32 12.5 10.3 

1 0.7 -19 -17 20 10.5 

 

The test results show that Model A gives us relatively more accurate 3rd order harmonic 

distortions compared to the Model B. But the two curves still track each other, and have 

the same envelope and similar shape. Model A gives relatively less accurate 3rd order 

intermodulation distortions compared to the Model B. The error is about 3~4dBm. The 

Model-B gives relatively more accurate estimations of 3rd order intermodulation 

component. The error is about 1~2 dBm for low input signal levels and about 3~4dBm 

for high input signal levels. The interesting results come from the Model C. Since Model 

C gives the most accurate results at low input signal levels. In order to extract and 

calculate the parameters of Model C, it was need to perform PDISTO analysis twice at 

two different frequency pairs. It means its cost is approximately twice as the first two 

basic models. Model C with model order reduction gives more accurate and less time 

consuming results.  
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Table 5 Error (%) of HD3 and IMD3 for Method C 

Average HD3 (dB) 

 

Average IMD3 (dB)  Error (%) 

Full Method C Full Method C HD3 IMD3 

3.1 3 -39 -38 3.2 2.5 

2.6 2.7 -37.5 -35.5 3.8 5.3 

1.5 1.6 -31 -33 6.6 3.2 

1.3 1.2 -16 -17 7.6 6.2 

 

 

 

Figure 27 HD3 comparison of MOR C with full model 
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Figure 28 IMD3 comparison of MOR C with full model 
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CHAPTER 6 

 

 CONCLUSIONS 

 

 
        In this research, the primary purpose was to present a novel, yet efficient frequency 

domain nonlinear RF models applicable to modern RF communication systems to 

describe the third order intermodulation distortions and harmonic distortions in high 

frequency environments using Volterra series. When considering Radio Frequency (RF) 

circuits, nonlinear effects become more involved, particularly by using the Volterra 

theory. From a practical point of view, direct implementation of Volterra series to 

behavioral simulation starting from raw simulation data is a time consuming task.   

       Two basic model structures including a frequency shaping block and a resistive 

nonlinear gain block were analyzed experimentally and algebraically. A compositional 

model based on the two basic models was presented, and a different cascade strategy was 

also discussed. In the proposed Model A, a low pass filter was used after the nonlinear 

circuit to reduce the number of harmonics generated at the output of nonlinear circuit. In 

the proposed Model B, a low pass filter preceded the nonlinear circuit to initially reduce 

the harmonics. However, as the model complexity increases, the parameter extraction 

based on simulation could be extremely difficult and time-consuming. Therefore, model 

order reduction techniques were employed to speed up the simulation process. The 

moment matching model order reduction (Pade approximation) was used to reduce the 

model size.  
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       The Spectre circuit simulator was chosen to simulate analog and digital circuits at 

the differential equation level based on harmonic balance technique. The simulations 

were based on wideband IF double conversion CMOS integrated receiver and a CMOS 

Gilbert double-balanced mixer. The fundamental frequency response was simulated by 

performing a PAC analysis on the RF input with a large signal but no RF signal present. 

The harmonic distortions were simulated by performing a periodic steady state analysis 

with fundamental frequency equals the frequency of the RF signal. A small amplitude 

signal 10mv is applied to the RF input. The third-order intermodulation distortions were 

simulated by performing a PDISTO analysis with two equal amplitude signals applied to 

the RF input. 

        When compared with the results from full model. The analysis on the accuracy of 

the models showed that the proposed Model A provided relatively more accurate results 

on harmonic distortions (maximum error of 14.1% and minimum error of 9.3%) 

compared to the proposed Model B ( maximum error 20.8% and minimum error of 

10.3%). The proposed Model B provided relatively more accurate results of 

intermodulation distortions (maximum error 10.5% and minimum error 7.3%) compared 

to the proposed Model A (maximum error 26.6% and minimum error 9.6%). The 

proposed compositional Model C achieved simulation results of intermodulation 

distortions and harmonic distortions with 2.5% and 3.2% error on average.        

       The proposed methods have the potential to linearize transmitter and receiver 

systems in communication networks. Nonlinear circuits can be linearized by using 

Volterra series. By simulating the proposed methods in Spectre simulator, one can avoid 
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nonlinear equation solving process. The proposed methods can predict system level 

performance with out computational complexity which in turn gives accurate results for 

both IMD3 and HD3. The closed forms of expressions in terms of order of transfer 

functions are helpful in system design. 
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