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ABSTRACT
In this paper, we propose a new statistical model order reduction
technique called SSMOR method, that is suitable for considering
both intra-die and inter-die process variations. The SSMOR gener-
ates order reduced variational models from the original variational
circuits. The reduced model can be used for fast statistical per-
formance analysis of interconnect circuits with variational power
sources. The SSMOR uses statistical spectrum method to com-
pute the variational moments and Monte Carlo sampling method
via modified Krylov subspace reduction method to generate the
variational reduced models. Experimental results show that ex-
plicit moment matching is not suitable for variational analysis and
Krylov subspace projection method is more reliable. The proposed
method can deliver about 1 OOX speedup over the pure Monte Carlo
based projection-based reduction method with less than 1% of er-
rors for both means and variances in statistical transient analysis.

1. INTRODUCTION
The process-induced variability has huge impacts on the circuit per-
formance in the sub-lOOnm VLSI technologies [11, 10]. Process
variational impacts on the interconnect circuit performance have to
be assessed in the various VLSI design steps to ensure robust circuit
design.

Statistical modeling ofRLC interconnects, which are typically treated
as linear time-invariant (LTI) dynamic systems, has been studied in-
tensively in the past and many research works have been reported
so far [2, 4, 7, 6, 9, 13]. Fundamentally, the most common ap-
proach to statistical modeling and simulation is Monte Carlo based
sampling method, which is the most flexible and trusted method.
However, its high computing costs render its applications limited
to very small circuits.

Statistical modeling methods of interconnects based on the extracted
parameters/variables were proposed in [7, 2, 6]. The idea is to treat
the variational variables as the global variables (parameters) of the
circuits. The original circuits then can be represented by matrix
polynomial forms in terms of those variables. Thus, the traditional
model order reduction methods are applied to the coefficient ma-
trices of the polynomials. Those methods are more suitable for
the inter-die variations as they can be treated as the global vari-
ables. Interval-valued statistical modeling and model order reduc-
tion methods have been proposed recently [9, 8]. The idea is to
approximate the variations as a finite interval and uses the inter-
val arithmetic to generate the order reduced models in terms of
variational poles/residues and order reduced circuit matrices with
interval valued parameters. Interval methods in general suffer the
over-pessimism problem in spite of the recent improvement by us-
ing affine interval arithmetic. Also, the errors are accumulated with
the arithmetic operations. Therefore, in [8], it was applied only to
tree-like circuits, where solving the circuits can be done with very
few numerical operations by topology tracing.
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Another approach to the statistical modeling and simulation of in-
terconnect circuits is by means of statistical spectrum analysis [5,
13, 4], where statistical variations are presented by orthogonal poly-
nomials. One only needs to solve for the coefficients of the poly-
nomials deterministically in order to compute the variations of the
responses or performance metrics. The major benefit ofthis method
is its compatibility with current transient simulation framework: it
requires to solve for some coefficients of the orthogonal polynomi-
als, which can be done using normal transient simulations of the
original circuits with deterministic inputs, to compute variances of
node responses. Ghanta [4] applied the statistical spectrum method
to compute the time delays based on the frequency domain moment
methods.

In this paper, we propose a new statistical spectrum based method,
called Statistical Spectrum Model Order Reduction (SSMOR), to
generate the order reduced variational models, which in turn can
be used to compute the variational responses and performance ma-
trices with given variational inputs. The variational models can be
applied to fast statistical simulations of many interconnect circuits
under various variations (both inter-die and intra-die). Our contri-
bution is a new statistical model order reduction technique, which
consists of the statistical spectrum method, the Krylov subspace
based model order reduction technique, and Monte Carlo sampling
method to generate order reduced variational models. The SS-
MOR follows a similar reduction flow proposed previously [8].
However, SSMOR uses the statistical spectrum method to com-
pute the variational moments, which will not suffer the problems
of over-pessimism and the operation-dependent accuracy loss of
the interval-valued method. After variational moments are gener-
ated, a Monte Carlo sampling method is applied by using a modi-
fied Krylov subspace reduction method to generate the variational
order reduced models. Since Monte Carlo only operates on the or-
der reduced space (namely, a few moments), its high computing
costs diminish.

The rest of this paper is organized as follows: Section 2 presents
statistical modeling problem we try to solve. Section 3 reviews
the orthogonal polynomial chaos based stochastic simulation meth-
ods. Section 4 presents our new statistical model order reduction
method. Section 5 presents the experimental results and Section 6
concludes this paper.

2. PROBLEM FORMATION
Considering the following state equation for a given RLC intercon-
nect circuit using Modified Nodal Analysis (MNA) formulation:

Gv(t) + C (t) Bu(t) (1)

where G C R"' is the conductance matrix, C C R"' the matrix
resulting from storage elements. v(t) is the vector of time-varying
node voltages and branch currents of voltage sources. u(t) is the
vector of independent power sources, and B is the input selector
matrix.
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