Problem Solutions — Chapter 11

Problem 11.1.1 Solution

For this problem, it is easiest to work with the expectation operator. The mean function of the

output is
EYt)]=24+E[X()]=2

The autocorrelation of the output is

Ry(t,7)=FE[24+ X(t)(2+ X(t+ 7))]
=FE[A4+2X({t)+2X{t+7)+ X)X (t+7)]
=442E[X(t)|+2E[X(t+ 7))+ E[XH)X(t+ 7)]
=4+ Rx(7)
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We see that Ry (t,7) only depends on the time difference 7. Thus Y (¢) is wide sense stationary.

Problem 11.1.2 Solution
By Theorem 11.2, the mean of the output is

py = MX/ h(t) dt

—00

10-3
= —3/ (1 —10%2%) at
0

P —3
= =3 (t - (10°/3)¢%)],”
= —2 x 1073 volts

Problem 11.1.3 Solution
By Theorem 11.2, the mean of the output is

By = MX/ h(t)dt = 4/ et/ dt = —dae”t/® Zo = 4a.
0

— 00
Since py = 1 = 4a, we must have a = 1/4.
Problem 11.1.4 Solution
Since E[Y2(t)] = Ry (0), we use Theorem 11.2(a) to evaluate Ry (7) at 7 = 0. That is,

Ry (0) = /_Z h(u) /_Z h(w) B (1 — v) dv du
= /00 h(w) /OO h(v)nod(u — v) dv du

— 00 —00

— / h(u) du,

—00

by the sifting property of the delta function.
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Problem 11.2.1 Solution

(a) Note that

s 1 1 1
Y, = Z hnXion = gXH-l + ng + gXi—l

n=—0oo

By matching coefficients, we see that

hn:{ 1/3 n=-1,0,1

0 otherwise

(b) By Theorem 11.5, the output autocorrelation is

Ry [n] = i i hihjRx [n+i— j]

1=—00 J=—00

1 1 1
252 > Rx[n+i—j

i=—1j=—1

1
= §(RX [n—|—2] + 2Rx [TL+ 1] + 3Rx [n]—|—2RX [n—l} + Rx [n—2])
Substituting in Rx[n] yields

1/3 n=0
2/9 |n|=1
1/9 |n|=2

0 otherwise

Problem 11.2.2 Solution
Applying Theorem 11.4 with sampling period Ts = 1/4000 s yields

sin(20007kT) + sin(10007kT)
2000mkTs
sin(0.57k) + sin(0.257k)
wk
= 10sinc(0.5k) + 5 sinc(0.25k)

Rx [k] = Rx(kTs) = 10

=20

Problem 11.2.3 Solution

(a) By Theorem 11.5, the expected value of the output is

o0
Hw = py Z hp =2py =2

n—=——oo
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(b) Theorem 11.5 also says that the output autocorrelation is

Rwln]= Y Y hihjRy[n+i—]j] (2)

1=—00 J=—00

=33 Ry[n+i—j (3)

i=0 j=0
= Ry [n,1]+2RY [n]+Ry [n+1] (4)
For n = -3,
Ry [—3] = Ry [-4] + 2Ry [-3] + Ry [-2] = Ry [-2] = 0.5 (5)
Following the same procedure, its easy to show that Ry [n] is nonzero for |n| = 0,1,2.
Specifically,
0.5 |n|=3
3 In]=2
Rwin]=< 75 |n|=1 (6)
10 n=0

0  otherwise
(c) The second moment of the output is E[W?2] = Ry [0] = 10. The variance of W, is

Var[W,] = E [W2] — (E[W,])> =10-2% =6 (7)

(d) This part doesn’t require any probability. It just checks your knowledge of linear systems
and convolution. There is a bit of confusion because h,, is used to denote both the filter
that transforms X, to Y;, as well as the filter that transforms Y,, to W,,. To avoid confusion,
we will use iLn to denote the filter that transforms X,, to Y. Using Equation (11.25) for
discrete-time convolution, we can write

[e.e] [e.e]
Wo= Y hi¥uj, Yoj= > hiXp i (8)
j:—oo i=—00
Combining these equations yields
W= > hj > hiXp i (9)
j=—00 1=—00

For each j, we make the substitution & = ¢ + j, and then reverse the order of summation to

obtain
W= Y hi Y e jXow= > | D hjhpj | Xns (10)
j=—00  k=—o0 k=—o00 \j=—00
Thus we see that -
g =) hihij. (11)

j=—o00

That is, the filter g, is the convolution of the filters h, and h,,.
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In the context of our particular problem, the filter h,, that transforms X,, to Y, is given in
Example 11.5. The two filters are

h=T[hy ] =[1/2 1/2) h=[hg h] =[1 1] (12)

Keep in mind that h,, = h, = 0 for n < 0 or n > 1. From Equation (11),

1/2 k=0
A - 1 k=1
Gk = hg + hge—1 = 12 k=2 (13)
0 otherwise
Problem 11.2.4 Solution
(a) By Theorem 11.5, the mean output is
py =py Y hp=(=141)py =0 (1)
n=-—o00
(b) Theorem 11.5 also says that the output autocorrelation is
oo oo
Ryfn)= > > hihjRy[n+i—j] (2)
1=—00 j=—00
11
= > hihijRy [n+i—j] (3)
i=0 j=0
= —Ry [n - 1] + 2Ry [n] — Ry [n + 1] (4)
For n = -3,
Ry [-3] = =Ry [-4] + 2Ry [-3] = Ry [-2] = Ry [-2] = 0.5 (5)
Following the same procedure, it’s easy to show that Ry [n| is nonzero for |n| = 0,1,2.
Specifically,
05 |n|=3
-1 |n|=2
Ry[nj=< 05 |n|=1 (6)
2 n=>0
0 otherwise

(¢) Since E[V,] = 0, the variance of the output is E[V,2] = Ry[0] = 2. The variance of W,, is
Var[V,] = E [W2] Ry [0] = 2 (7)
(d) This part doesn’t require any probability. It just checks your knowledge of linear systems

and convolution. There is a bit of confusion because h,, is used to denote both the filter that
transforms X,, to Y;, as well as the filter that transforms Y,, to V,,. To avoid confusion, we will
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use izn to denote the filter that transforms X, to Y,,. Using Equation (11.25) for discrete-time
convolution, we can write

Vi= > hi¥n Yooj= Y hiXp i (8)
j:—oo 1=—00
Combining these equations yields
Vo= > hy > hiXn . (9)
j=—00 1=—00

For the inner sum, we make the substitution & = i+ j and then reverse the order of summation
to obtain

V= > by > i Xpn= > | D hihj | Xock. (10)
j=—00 k=—00 k=—0c0 \j=—00
Thus we see that -
fe= D hihij. (11)

j=—o0

That is, the filter f, is the convolution of the filters iLn and h,,. In the context of our particular
problem, the filter h,, that transforms X,, to Y}, is given in Example 11.5. The two filters are

h=[hy ] =[1/2 1/2] h=[n m]' =1 -1] (12)
Keep in mind that h, = h, = 0 for n < 0 or n > 1. From Equation (11),
12 k=0
R . 0 k=1
Je=he=hi1=93 "1 poo (13)
0 otherwise
Problem 11.2.5 Solution
We start with Theorem 11.5:
Ry [n] = Z Z hih;Rx [n+1i— j] (1)
1=—00 J=—00
:Rx[n—1]+2RX[n]+RX[n+1] (2)
First we observe that for n < —2 or n > 2,
Ry[n]:Rx[n—1]+2Rx[n}+Rx[n+1]:0 (3)
This suggests that Rx[n] = 0 for |n| > 1. In addition, we have the following facts:
Ry [O} = Rx [—1]+2RX [0]+RX [1] =2 (4)
Ry [-1] = Rx [-2] + 2Rx [-1] + Rx [0] =1 (5)
Ry [1]=Rx [0] +2Rx 1]+ Rx [2] =1 (6)

A simple solution to this set of equations is Rx[0] = 1 and Rx|[n] =0 for n # 0.
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Problem 11.2.6 Solution
The mean of Y,, = (X,, + Y,,—1)/2 can be found by realizing that Y,, is an infinite sum of the X;’s.

1 1
Y, = | =Xp + - X,_
{2 Tty

L ] (1)

Since the X;’s are each of zero mean, the mean of Y;, is also 0. The variance of Y}, can be expressed
as

1 1 1 1, 1
Yo = |-+=+=+... X] = Vg = (——— —1)o? =0? 2
Varlti = |3+ g+ gg o Varlx] S = (U= @)
The above infinite sum converges to ﬁ —1=1/3, implying
Var [Y,,] = (1/3) Var [X] = 1/3 (3)
The covariance of Y;;1Y; can be found by the same method.
Cov[Yit1,Ys] = [EX +1X +1X + ][EX +1X +1X +..] (4)
OV|¥it1, - gAnTy n—1 3 n—2 T .- 9 n—1 4 n—2 3 n—3 T .-
Since E[X;X;] = 0 for all i # j, the only terms that are left are
[ee] o0
1 1 1
COV[ 1+1’ ; ? 5 Z 4— (5)
Since E[X?2] = o2, we can solve the above equation, yielding
Cov [Yi41,Yi] = 02/6 (6)
Finally the correlation coefficient of Y;;1 and Yj is
B Covl|Yit1, Y] B 02/6 1 (7)
Plinik; v/ Var[Yii1]y/Varly;] o%/3 2

Problem 11.2.7 Solution

There is a technical difficulty with this problem since X, is not defined for n < 0. This implies
Cx|[n, k] is not defined for k¥ < —n and thus Cx[n, k] cannot be completely independent of k. When
n is large, corresponding to a process that has been running for a long time, this is a technical
issue, and not a practical concern. Instead, we will find 52 such that Cx|[n, k] = Cx[k] for all n
and k for which the covariance function is defined. To do so, we need to express X,, in terms of
20,21, ..., Zn,. We do this in the following way:

Xp=cXpn 1+ 2Zn 1 (1)
= C[CXTL72 + anZ] + anl (2)
=c? [CXn—?) + Zn—?J +cZn o+ Zn (3)

(4)

=c"Xog+ Cn_1Z0 + Cn_222 4+ +Zy (5)
n—1

= c"Xo + Z g (6)
=0
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Since E[Z;] = 0, the mean function of the X,, process is

n—1
E[X,] =c"E[Xo]+ Y " "'E[Z] = E[X0] (7)
=0

Thus, for X,, to be a zero mean process, we require that E[Xy] = 0. The autocorrelation function
can be written as

n—1 n+k—1
Rx [n, k] = E[XpXpix] = E <ch0 +y° c”_l_iZ,;> X+ Y g, (8)
i=0 §=0
Although it was unstated in the problem, we will assume that Xg is independent of Zy, Z1, ... so
that E[X¢Z;] = 0. Since E[Z;] = 0 and E[Z;Z;] = 0 for i # j, most of the cross terms will drop

out. For k > 0, autocorrelation simplifies to

n—1
A 1
Ry [n’ k] — 2tk Var[Xg] + Z 02(n71)+k72z)5_2 — 2ntk Var[Xo] + O_2ck1702 (9)
—c
=0
Since E[X,] = 0, Var[X,] = Rx[n,0] = 02 and we can write for k > 0,
k =2
_ =2 € 2ntk g
RX[TL,I(I]—O' 1702"— <0' —ﬁ> (10)
For k < 0, we have
n—1 . n+k—1 )
Rx [n,k] = E (CnXQ +Zc"“2i> X+ Y et (11)
i=0 j=0
n+k—1
— 2n+k: Var XO —k Z 2(n+k 1— ]) 2 (12)
1— 2(n+k)
= 2nthg2 4 52,k 1i > (13)
~2 ~2
g —k . 2ntk [ 2 9
_ _ 14
T 2C¢ tc (a 1_02) (14)
We see that Rx|[n, k] = o2c/*l by choosing
72 =(1-c*o? (15)
Problem 11.2.8 Solution
We can recusively solve for Y,, as follows.
Y = aXp + aYn (1)
=aX, + alaX,—1 + aY,_2] (2)
=aX, +ad’X,_1 + d*[aX,_o + aY,_3] (3)
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By continuing the same procedure, we can conclude that
n
Y, =) X, j+ad"Y,
=0

Since Yy = 0, the substitution i = n — j yields

n

Y, = Z anil+1Xi
i=0

Now we can calculate the mean

n

n
> a”_HlXZ} =Y a""ME[X,]=0
=0

=0

E[Y,|=E

To calculate the autocorrelation Ry [m, k|, we consider first the case when k& > 0.

m m+k m m+k
CY [m7 k?] - FE Z am—i-i-lXi Z am+k_j+1X]‘ _ Z Z am—i—i—lam-‘rk—j-‘rlE [Xin]
=0 7=0 =0 75=0

Since the X; is a sequence of iid standard normal random variables,

1 i=y
BIX:X;] = { 0 otherwise
Thus, only the ¢ = j terms make a nonzero contribution. This implies
m
Cy [m, k‘] — Z am—i+1am+k—i+1
i=0

m
— CLk E a2(m—z+1)
=0

=a" [(a®)™ ™ + (&®)" + -+ + d?]

a
— T ak [1 _ (a2)m+1]
For k < 0, we start from
m m-+k ' ‘
Cy [m’ k} _ Z Z am—z-i—lam-‘rk—j-f—lE [X’LXJ]
i=0 j=0

As in the case of k > 0, only the ¢ = j terms make a contribution. Also, since m + k < m,

m-+k m—+k
Cy [m, k‘] _ Z gmIitlgmtk—i+l _ —k Z amHk—i+1  mtk—j+1
j=0 7=0

By steps quite similar to those for k£ > 0, we can show that

2

a - m
Cy [m,k:] _ 1_a2a k [1 - <a2) +k+1}

A general expression that is valid for all m and & would be

C [ k= a’2 |k| 1— 2\min(m,m+k)+1
k] = ¥ 1 - (@)

Since Cy[m, k] depends on m, the Y;, process is not wide sense stationary.
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Problem 11.3.1 Solution
Since the process X, has expected value E[X,] = 0, we know that Cx (k) = Rx (k) = 27 /¥l. Thus
X = [X 1 X9 Xg}/ has covariance matrix

20 271 972 1 1/2 1/4
Cx= (27t 20 27| =|1/2 1 1/2]. (1)
272 271 20 1/4 1/2 1

From Definition 5.17, the PDF of X is

1 1 r—1
S (x) = (2m)"/2[det (Cx)]1/2 7 (‘5" Cx X) ' @)

If we are using MATLAB for calculations, it is best to decalre the problem solved at this point.
However, if you like algebra, we can write out the PDF in terms of the variables x1, 2 and x3. To
do so we find that the inverse covariance matrix is

4/3 —2/3 0
Cx'=1-2/3 5/3 -2/3 (3)
0 —2/3 4/3

A little bit of algebra will show that det(Cx) = 9/16 and that

1, . 23:% 51;% 2:1;% 2rx1209 2013
QX XX T T g T 3 3 )
It follows that
4 Qx% 5:5% 2:15% 2x1T9  2T0x3
= —_—— =2 5
x ) = 3507 exP( 3 6 3 3 3 (5)
Problem 11.3.2 Solution
The sequence X, is passed through the filter
h=[hy hi ho) =[1 -1 1] (1)

The output sequence is Y.

(a) Following the approach of Equation (11.58), we can write the output Y3 = [Yl Y5 Yg]’ as

Y, hi hg 0O O ;0 1 1 0 0 §°
Y;=|Ys| = |hy hy ho O X; =1 -1 1 0 X; . (2)
Ys 0 hy hy ho X 0 1 -1 1 X,
H SN——"
X

We note that the components of X are iid Gaussian (0, 1) random variables. Hence X has
covariance matrix Cx = I, the identity matrix. Since Y3 = HX,

2 -2 1
Cy,=HCxH' =HH'= |-2 3 -2|. (3)
1 -2 3
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Some calculation (by hand or by MATLAB) will show that det(Cvy,) = 3 and that

0
= |
w =
I
I
—
N Ot
N N
—
W~
S~—

Some algebra will show that

_ 5yF + 5y3 + 205 + 8y12 + 201y + yays
. .

y'Cyly
This implies Y3 has PDF

1 P
fys (y) = @) 2der (Cy 72 P <—§y CY3y> (6)

! exp (— 5yt +5y3 + 2y3 + 8y1y2 + 2y1ys + 4y2y3>

(7)

T 20323 6

(27)3/2\/3

(b) To find the PDF of Yo = [Yl YQ],, we start by observing that the covariance matrix of Yo
is just the upper left 2 x 2 submatrix of Cy,. That is,

(2 -2 1 [3/2 1
Cy, = [2 3] and Cyl = { / 1]. ®)
Since det(Cy,) = 2, it follows that
frs () : exp —5y'Cy! 9)
= X - =
Y2 @mpdet (Cy, 12 © 0 \ 2V veY
. ]. 3 2 2
= (27T)3/2\/§exp< 5 ¥ 2y1Y2 y2>. (10)
Problem 11.3.3 Solution
The sequence X, is passed through the filter
h=1[hy hi h) =[1 -1 1] (1)

The output sequence is Y,,. Following the approach of Equation (11.58), we can write the output
Y=[V Y, V3] as

X_1 X—l
Y; ha hi hg 0 O Xo 1 -1 1 0O 0 X
Y=|Ya| =10 ho hi he O] | Xa|=1]0 1 -1 1 o]]|xy (2)

Y3 0 0 hy hi hg X 0 0 1 -1 1 X

X3 X3

H
——
X

Since X,, has autocovariance function Cx (k) = 2’““', X has covariance matrix

1 1/2 1/4 1/8 1/16
1/2 1 1/2 1/4 1/8
Cx=|1/4 1/2 1 1/2 1/4]. (3)
1/8 1/4 1/2 1 1/2
1/16 1/8 1/4 1/2 1
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Since Y = HX,

[3/2 —3/8 9/16
Cy =HCxH' = |-3/8 3/2 -3/8]. (4)
19/16 —3/8  3/2

Some calculation (by hand or preferably by MATLAB) will show that det(Cy) = 675/256 and that
[12 2 —4

1
0;{1:E 2 11 2. (5)
-4 2 12

Some algebra will show that

_ 1297 + 11y3 + 1293 + dy1y2 + —8y1ys + 4yoys3

fomts 6
y'Cyy T (6)
This implies Y has PDF
fv (¥) . Lycy! (7)
= exp | —=
YY) = o 2det (Cy )72 TP\ T2V Y Y
16 12y7 + 11y2 + 1293 + 4y1y2 + —8y1ys + 4y2y3
— 2 - . (8)
(2m)3/215+/3 30

This solution is another demonstration of why the PDF of a Gaussian random vector should be
left in vector form.

Comment: We know from Theorem 11.5 that Y;, is a stationary Gaussian process. As a result,
the random variables Y7, Y5> and Y3 are identically distributed and Cy is a symmetric Toeplitz
matrix. This might make on think that the PDF fy(y) should be symmetric in the variables y;,
1o and y3. However, because Y5 is in the middle of Y7 and Y3, the information provided by Y; and
Y3 about Y3 is different than the information Y; and Y5 convey about Y3. This fact appears as
asymmetry in fy(y).

Problem 11.3.4 Solution
The sequence X, is passed through the filter

h=[ho i h) =[1 0 —1] (1)

The output sequence is Y,,. Following the approach of Equation (11.58), we can write the output
Y=[V Yo V3] as

X,1 X,1
Yy ha hi ho 0 O Xo 10 -1 0 O Xo
Y=|Yy|=[0 hy hy hg O] | X1 |=101 0 -1 0] |X; (2)

Y3 0 0 hy hi ho| | Xo 00 1 0 -1 Xo

X3 X3

H

~——

X

Since X,, has autocovariance function Cx (k) = 27 /¥, X has the Toeplitz covariance matrix

1 1/2 1/4 1/8 1/16
1/2 1 1/2 1/4 1/8
Cx=|1/4 1/2 1 1/2 1/4 (3)
1/8 1/4 1/2 1 1/2
1/16 1/8 1/4 1/2 1
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Since Y = HX,
3/2  3/8 —9/16
Cy =HCxH = | 3/8 3/2 3/8
-9/16 3/8 3/2

Some calculation (preferably by MATLAB) will show that det(Cy) = 297/128 and that
10/11 —1/3 14/33
Cy'=1|-1/3 5/6 —1/3
14/33 —1/3 10/11
Some algebra will show that

5 10 2 28 2

YLy ¥y = y1 6 Y2 3y1y2 333/1113 Syzys-

This implies Y has PDF

1 ]' lc—l
(2m)32[det (Cy)] 12 " P\ "2y 7YY

8v2 _3 52 5, 1 4 1
(277)3/23f y1 1oY2 T Y3 T ghil2 T g3z T ghals -

Ty (y) =

(8)

This solution is yet another demonstration of why the PDF of a Gaussian random vector should

be left in vector form.

Problem 11.4.1 Solution

This problem is solved using Theorem 11.9 with M = 2 and k£ = 1. The optimum linear predictor

filter h = [ho hl]/ of X, 41 given X,, = [Xn_l Xn]/ is given by

— hy
h = =Ry Rx Xk

ho
where
= [ ] = e ]
and
R =5[] <[22 = 2]

Thus the filter vector h satisfies
e m]_[1 84 [y2] _[-y7
“lhol " [3/4 1 3/4| ~ | 6/7 |
Thus h = [6/7 —1/7}/ and the optimum linear predictor of X,, .1 given X,, and X,,_1 is

5 — (X, 1 6
Xpp1=h'X, =[-1 ¢ )T(lnl] =—-Xp-1+ 5 Xn.

7 7

To find the mean square error of this predictor, we can calculate it directly as

. . 1 6 2
ep =FE [(Xn-i-l - Xn+1)2} =F <_?Xn—1 + ?Xn — Xn+1> ] :
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By expanding the square and taking the expectation, each cross-term is of the form E[X;X;] =
Rx|[i — j], so that

c_p|(-ix, 4+ 9%, - x S x) (7)
er, = 7 n—1 7 n n+1 7 n—1 7 n n+1
1 12 2 36 12
= ERX [0] — ERX 1] + ?RX [2] + ERX [0] — 7RX 1] + Rx [0] (8)
86 96 2 3
= — - — 1 — 2| ==.
S Rx 0]~ o Rx [+ 2Ry [2) = 2 )

This direct method is already tedious, even for a simple filter of order M = 2. A better way to
calculate the mean square error is to recall that Theorem 11.9 is just of Theorem 9.7 expressed in
the terminology of filters. Expressing part (c) of Theorem 9.7 in terms of the linear prediction filter
h, the mean square error of the predictor is

¢} = Var[X, 1] — h'Rx,x,., (10)
— Ry 0] - B’ [gi EH (11)
=1-[-1/7 6/7] BZ] = % (12)

For an arbitrary filter order M, Equation (10) is a much simpler way to compute the mean square
error.

Problem 11.4.2 Solution
This problem is solved using Theorem 11.9 with £k = 1. The optimum linear predictor filter
h = [ho hl]/ of X417 given X,, = [Xn—l Xn]/ is given by

A h1 _
b= ] = Rad R 0
where 0 ]
_[Rx[0] Rx[1]] [11 075
Rx. [RX 1] Rx [0]] - [0.75 1.1} (2)
and 9
X [Rx[2]] _Jo05
Thus the filter vector h satisfies
e [m]_[11 075 [05] _ [-0.0193 n
~|lhol 1075 1.1 0.75| | 0.6950 |-

Thus h = [0.6950 —0.0193]/ and the optimum linear predictor of X, 1 given X, and X,,_1 is

Xpp1 = h'X,, = [-0.0193 0.6950] {X)’él] = —0.0193X ;-1 + 0.6950.,,. (5)
n

To find the mean square error of this predictor, we can calculate it directly as

A~

e =E {(Xn+1 . XM)?] —E [(—0.0193)(”,1 +0.6950X,, — Xni1)?] . (6)
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We can expand the square and take the expectation term by term since each cross-term is of the
form E[X;X;] = Rx[i — j|. This approach is followed in the solution of Problem 11.4.1 and it is
quite tedious. A better way to calculate the mean square error is to recall that Theorem 11.9 is
just Theorem 9.7 expressed in the terminology of filters. Expressing part (¢) of Theorem 9.7 in
terms of the linear prediction filter h, the mean square error of the predictor is

¢; = Var[X, 1] - h'Rx, x,., (7)
— Ry [0] - B’ [g ﬁﬂ ®)
=1.1 - [-0.0193 0.6950] B;i] = 0.5884. (9)

Comment: It is instructive to compare this solution to the solution of Problem 11.4.1 where the
random process, denoted X, here to distinguish it from X,, in this problem, has autocorrelation
function
[ 1-025]k k| <4,
By [k = { 0 otherwise.
The difference is simply that R ¢[0] = 1, rather than Rx[0] = 1.1 as in this problem. This difference
corresponds to adding an iid noise sequence to X, to create X,,. That is,

(10)

X, =X, + %, (11)

where Z,, is an iid additive noise sequence with autocorrelation function Ryz[k] = 0.16[k] that is
independent of the X, process. Thus X,, in this problem can be viewed as a noisy version of
X,, in Problem 11.4.1. Because the X, process is less noisy, the optimal predictor filter of Xn+1
given X,,_1 and X, ish = [6/7 71/7}/ = [0.8571 70.1429}/, which places more emphasis on the
current value X,, in predicting the next value.

In addition, the mean squared error of the predictor of Xn+1 is only 3/7 = 0.4285, which is less
than 0.5884. Not surprisingly, the noise in the X, process reduces the performance of the predictor.

Problem 11.4.3 Solution

This problem generalizes Example 11.14 in that —0.9 is replaced by the parameter ¢ and the noise

variance 0.2 is replaced by 2. Because we are only finding the first order filter h = [ho h1]/, it is

relatively simple to generalize the solution of Example 11.14 to the parameter values ¢ and 7?.
Based on the observation Y = [Yn,l Yn]’, Theorem 11.11 states that the linear MMSE esti-

mate of X = X, is h'Y where
—
h =Ry'Ryx, = (Rx, + Rw,) 'Rx,x,. (1)

From Equation (11.82), Rx, x, = [Rx[l] Rx [O]]/ =c 1]’. From the problem statement,

B ) A S O O B Ve
Rxn—i—an—[c 1]4—[0 772:|—|: . 14+ n2| (2)
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This implies

-1
— |1+ n? c c
=] ®
B 1 1+72 —c c (4)
B R N B b
B 1 cn?
BT L F? Cg} . (5)
The optimal filter is
B 1 1+7*—¢? (6)
I R N/ A

To find the mean square error of this predictor, we recall that Theorem 11.11 is just Theorem 9.7
expressed in the terminology of filters. Expressing part (c¢) of Theorem 9.7 in terms of the linear
estimation filter h, the mean square error of the estimator is

* T
e; = Var[X,] — h'Ry, x, (7)
= Var[X,] - h'Rx, x, (8)
RN 0
2,2 2401 _¢2
et AT+ c (10)
(1+n?)?—c?

Note that we always find that e] < Var[X,] = 1 simply because the optimal estimator cannot be
worse than the blind estimator that ignores the observation Y,,.

Problem 11.4.4 Solution

In this problem, we find the mean square estimation error of the optimal first order filter in Prob-
lem 11.4.3. This problem highlights a shortcoming of Theorem 11.11 in that the theorem doesn’t
explicitly provide the mean square error associated with the optimal filter h. We recall from the
discussion at the start of Section 11.4 that Theorem 11.11 is derived from Theorem 9.7 with

S . | N 1
h =a=Ry'Ryx = (Rx, + Rw,) 'Rx, x, (1)

From Theorem 9.7, the mean square error of the filter output is

e} = Var[X] — a'Ryx (2)
—

= Rx [0] - h'Rx,x, (3)

= Rx [0] - R, x, (Rx, + Rw,) 'Rx,x, (4)

Equations (3) and (4) are general expressions for the means square error of the optimal linear filter
that can be applied to any situation described by Theorem 11.11.
To apply this result to the problem at hand, we observe that Ry [0] = ¢’ = 1 and that

e el R = ol =l O
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This implies

* <_/
er, = Rx [0] — h'Rx, x,, (6)
_ 1 2 2 21 | €
IR G e fen” L =] M )
T+ Py -2
1+772—02
= N2 _ 2 (9)
(I+n?)?—c

The remaining question is what value of ¢ minimizes the mean square error e;. The usual

approach is to set the derivative dd% to zero. This would yield the incorrect answer ¢ = 0. In fact,
d%e;
dc?
is maximum at ¢ = 0. For a more careful analysis, we observe that e = n?f(x) where

evaluating the second derivative at ¢ = 0 shows that

< 0. Thus the mean square error e},
0

a—x

fz) = (10)

a? —z’

with z = ¢, and @ = 1 + n?. In this case, minimizing f(z) is equivalent to minimizing the mean
square error. Note that for Rx[k] to be a respectable autocorrelation function, we must have
lc| < 1. Thus we consider only values of x in the interval 0 < x < 1. We observe that

df(x) a’—a

dr (a2 — x)2 (11)

Since a > 1, the derivative is negative for 0 < x < 1. This implies the mean square error is
minimized by making z as large as possible, i.e., x = 1. Thus ¢ = 1 minimizes the mean square
error. In fact ¢ = 1 corresponds to the autocorrelation function Rx[k] = 1 for all k. Since each X,
has zero expected value, every pair of sample X,, and X,, has correlation coefficient

__ Cov (X0, X _ Rx [n —m]
P2 Xom V/Var[X,,] Var[X,,] Rx [0]

=1. (12)

That is, ¢ = 1 corresponds to a degenerate process in which every pair of samples X, and X,,, are
perfectly correlated. Physically, this corresponds to the case where where the random process X,
is generated by generating a sample of a random variable X and setting X,, = X for all n. The
observations are then of the form Y,, = X + Z,,. That is, each observation is just a noisy observation
of the random variable X. For ¢ = 1, the optimal filter

sl

is just an equally weighted average of the past two samples.

Problem 11.4.5 Solution

This problem involves both linear estimation and prediction because we are using Y,,_1, the noisy
observation of X, to estimate the future value X;,. Thus we can’t follow the cookbook recipes of
Theorem 11.9 or Theorem 11.11. Instead we go back to Theorem 9.4 to find the minimum mean
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square error linear estimator. In that theorem, X, and Y,,_1 play the roles of X and Y. That is,
our estimate X,, of X, is

arlX,] \ /2
%) (Y1 — E[Ya1]) + B [Xa] (1)

By recursive application of X,, = ¢X,,_1 + Z,,_1, we obtain

Xn = XL(Yn—l) = PXn,Yn 1 (

n
X, =a"Xy+ Z aj_lZn_j (2)
7=1

The expected value of X, is E[X,,] = a"E[Xo| + >_}_; @’ E[Z,_;] = 0. The variance of X,, is

Var[X,] = a*" Var[X,] + z": o’ Var[Z,_;] = a*" Var[X,] + o* Z (3)
j=1 j=1
Since Var[Xo] = 02/(1 — ¢?), we obtain
2n, 2 2 2n 2
Var[Xn] = 16—002 +2 (11— cC2 ! B 1i02 (4)
Note that E[Y,_1] = dE[X,,—1] + E[W,] = 0. The variance of Y,,_; is
Var[Vy 1] = d2 Var[Xp_1] + Var[W,] ldg_"; o (5)
Since X,, and Y,,_1 have zero mean, the covariance of X,, and Y,,_1 is
Cov [ Xy, Yn-1] = E[ X, Yno1] = E[(cXpn-1+ Zn-1) (dXp—1 + Wp_1)] (6)
From the problem statement, we learn that
E[Xp-1Wp_1]=0 E[X,1]E[Wp_1] =0
E[Zp 1Xn 1] =0 E[Zy 1Wya] =0
Hence, the covariance of X,, and Y,,_1 is
Cov [X,,, Yy—1] = cd Var[X,,_] (7)

The correlation coefficient of X,, and Y,,_1 is
o Cov [Xn, Yn 1]
PXnYos v/ Var[X,,] Var[Y;,_1]
Since E[Y,,—1] and E[X,,] are zero, the linear predictor for Xn becomes
. Var[X,,] 1/2 Cov [ X, Y 1] ed Var[X,,—1]
X, = —_ Y,1=—7——7-—""-Y, 1=—— ——Y,_ 9
PXn Y- <Var[Yn_1]> ! Var[Y;,_1] ! Var[Y;,_1] ! ©)

Substituting the above result for Var[X,], we obtain the optimal linear predictor of X, given Y,,_;.

. c 1
Xp=-—"——
"d1+B2(1 - ?)
where 3% = n?/(d?c?). From Theorem 9.4, the mean square estimation error at step n
1+ 32
14 6%(1 —¢?)
We see that mean square estimation error e} (n) = e}, a constant for all n. In addition, e} is an
increasing function (3.

Ynfl (10)

er(n) = E[(X, — Xn)Q} = Var[X,,](1 — P%(n,Yn_l) =0’ (11)
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Problem 11.5.1 Solution

To use Table 11.1, we write Rx(7) in terms of the autocorrelation

sin(mz)

. _ 1
sinc(z) - (1)
In terms of the sinc(-) function, we obtain
Rx (1) = 10sinc(20007) 4 5sinc(10007). (2)
From Table 11.1,
10 f 5 f
S = t t 3
x (f) = 3500 7 <2000) " 1000 "¢ (1,000) 3
Here is a graph of the PSD.
0.012
0.01f ]
0.008 b
[y
0006 -
0.004 b
0.002 | i
—](.)500 -1000 —5(I)0 (I) 5(I)0 1000 1500
f
Problem 11.5.2 Solution
The process Y (t) has expected value E[Y (t)] = 0. The autocorrelation of Y (¢) is
Ry(t,7)=E[Y)Y(t+7)] = E[X(at)X(a(t + 7))] = Rx(aT) (1)
Thus Y (t) is wide sense stationary. The power spectral density is
(o]
Sy (f) = / R (ar)e 277 dr. (2)

At this point, we consider the cases o > 0 and a < 0 separately. For a > 0, the substitution
7' = at yields

1 [ ; /
Sv ()= [ Ratre sl gy - SXUL) ©
a ) o !
When a < 0, we start with Equation (2) and make the substitution 7/ = —a7, yielding
1 > n—jerLr
SY (f) = _—a RX<—T )6 T =g dr'. (4)
Since Rx(—7") = Rx(7'),
1 o° ot 1
Sy (f) = - /_OO Rx(r')e 7*T=a" dr'. = ——aSX (%) (5)
For —a = |a| for a < 0, we can combine the o > 0 and @ < 0 cases in the expression
1 f
v (1) = s (). )
| |
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Problem 11.6.1 Solution

Since the random sequence X, has autocorrelation function
Rx [k] = 0k + (0.1)/F]] (1)

We can find the PSD directly from Table 11.2 with 0.1/ corresponding to a/*l. The table yields

1—(0.1)2 2 —0.2cos27m¢
X (@) =1+17 (0.1)2—2(0.1) cos2r¢  1.01 — 0.2 cos 27 @)
Problem 11.7.1 Solution
First we show that Sy x(f) = Sxy(—f). From the definition of the cross spectral density,
Syx (f) = / Ry x(r)e ™7 dr (1)
—00
Making the subsitution 7/ = —7 yields
oo ) ,
Svx (= [ Ryx(=r)e " ar @)
By Theorem 10.14, Ry x(—7') = Rxy (7). This implies
oo ) ,
Svx (= [ Ry (e 07 a Sy (=) ®)

To complete the problem, we need to show that Sxy(—f) = [Sxy(f)]*. First we note that since
Rxy () is real valued, [Rxy (7)]* = Rxy (7). This implies

sxv ()= [ Ry O e dr (4)
_ Sxy (=) (6)

Problem 11.8.1 Solution
Let a = 1/RC. The solution to this problem parallels Example 11.22.

(a) From Table 11.1, we observe that

2-10* 1
SX(f):m H(f):m (1)
By Theorem 11.16,
B 9 B 2-10*
SY (f) - |H(f)| SX (f) - [(27Tf)2 ¥ GQ][(Q,H_f)Q + 104] (2)
To find Ry (7), we use a form of partial fractions expansion to write
Sy (1) = 57 = ®)

Qi +a  @rf)P 4100
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Note that this method will work only if a # 100. This same method was also used in
Example 11.22. The values of A and B can be found by

2.10% —2.10% 2.10% 2.10%

@rf)?+104;_je o —10* C a2+ 1040 a? — 104

27

This implies the output power spectral density is

—10%/a 2a N 1 200
a?—10* 27 f)2 +a®  a?—10* (27 f)% + 10%

Sy (f) = (5)

Since el and 2¢/((27f)? 4 ¢?) are Fourier transform pairs for any constant ¢ > 0, we see
that

—10*/a 100 _
RY(T) — 012_—1/046 a|7’\ +a2_—1046 100|7’| (6)

To find a = 1/(RC'), we use the fact that

E[Y?(t)] = 100 = Ry (0) = a_21_041/ i+ 1_0(;04 (7)
Rearranging, we find that a must satisfy
a® — (10* + 1)a + 100 = 0 (8)
This cubic polynomial has three roots:
a=100 a=-50++2501 a=—50—+/2501 (9)

Recall that a = 100 is not a valid solution because our expansion of Sy (f) was not valid
for a = 100. Also, we require a > 0 in order to take the inverse transform of Sy (f). Thus
a = —50+ v/2501 ~ 0.01 and RC ~ 100.

Problem 11.8.2 Solution

(a)
(b)

()

(d)

Ry (1) = (7) is the autocorrelation function whose Fourier transform is Sy (f) = 1.

The output Y (¢) has power spectral density
Sy (f) = H()I* Sw (f) = [H()]* (1)
Since |H(f)| =1 for f € [-B, B], the average power of Y () is

00 B
B = [ seinda= [ a-2p )

Since the white noise W () has zero mean, the mean value of the filter output is

EY(®)] = E[W(t)] H(0) =0 (3)
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Problem 11.8.3 Solution
Since Sy (f) = |H(f)|*Sx(f), we first find

|H(f)IP = H())H*(f) (1)
_ (alefj%rftl I a2€fj27rft2) (aleﬂﬂftl 4 a26j27rft2) 2)
=ai + a3+ ajay (e_ﬂ”f(trtl) + e‘jzﬂf(tl_t?)) (3)

It follows that the output power spectral density is
Sy (f) = (af + a3)Sx (f) + arazSx (f) e 7> 271 4 a1y Sx (f) e 72/ (112) (4)
Using Table 11.1, the autocorrelation of the output is

Ry(T) = (a% + CL%)R)((T) + ajas (Rx(T — (tl — tz)) + Rx(T + (tl — tg))) (5)
Problem 11.8.4 Solution
(a) The average power of the input is
E[X%(t)] = Rx(0) =1 (1)
(b) From Table 11.1, the input has power spectral density

Sx () = e 1 ¢

The output power spectral density is

L
sy(f)—wfﬂfn25x<f>—-{ 0 =2 3)
0 otherwise
(c) The average output power is
00 2
Byl = [ svtndr=g [ e ()

This integral cannot be expressed in closed form. However, we can express it in the form of
the integral of a standardized Gaussian PDF by making the substitution f = z1/2/7. With
this subsitution,

E[Y?(t :L mesz/de 5
[Y2(1)] N (5)
= ®(V2m) — ®(—v27) (6)
=2®(V271) — 1 = 0.9876 (7)

The output power almost equals the input power because the filter bandwidth is sufficiently
wide to pass through nearly all of the power of the input.
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Problem 11.8.5 Solution

(a) From Theorem 11.13(b),

E[X?(1)] :/ Sx (f df/loo 10~*df = 0.02 (1)

100

(b) From Theorem 11.17

W H(f) |f] < 100

Sxy (£) =H(f)Sx () = { 0 otherwise (2)

(¢) From Theorem 10.14,
Ryx (1) = Rxy(—7) (3)

From Table 11.1, if g(7) and G(f) are a Fourier transform pair, then g(—7) and G*(f) are a
Fourier transform pair. This implies

—4 7r*

Sex () =S = { o0 U = (@)

(d) By Theorem 11.17,
Sy (f) = H*(/)Sxy (f) = [H(f)|* Sx (f) (5)
[ 10741042 4 2nf)] 1f] < 100 )
_{ 0 otherwise (6)

(e) By Theorem 11.13,

) 100 10~ 4
Y t) / SY (f df /100 10477 2+4772f2 f (7)
100 df

1087T /0 (/5002 ®)

By making the substitution, f = 50tanf, we have df = 50sec?fdf. Using the identity
1 + tan® 6 = sec? @, we have

E[Y*(t)] = =1.12x 1077 (9)

100 /“ml@) o — ()
10872 10672

Problem 11.8.6 Solution
The easy way to do this problem is to use Theorem 11.17 which states

Sxy (f) = H(f)Sx (f) (1)
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(a) From Table 11.1, we observe that

8 1

Sx(f)zm H(f)zm

From Theorem 11.17,

8

Sxy (f) = H(f)Sx (f) = [7 + j2r f][16 + (27 f)2]

(3)

(b) To find the cross correlation, we need to find the inverse Fourier transform of Sxy(f). A
straightforward way to do this is to use a partial fraction expansion of Sxy (f). That is, by
defining s = 727 f, we observe that

8 —8/33 1/3 1/11
/s 13

= 4
(T+s)d+s)(4—s) T+s 44+s 4-—s )
Hence, we can write the cross spectral density as
—8/33 1/3 1/11
Sxv () = 2 / / 6

T T+gonf A+gonf  A—gnf

Unfortunately, terms like 1/(a — j27 f) do not have an inverse transforms. The solution is to
write Sxy (f) in the following way:

~8/33 8/33 1/11 1/11

S = 6
xv (/) T+g2rf  A+g2nf  A+j2nf | 4—j2nf (6)
. —8/33 8/33 8/11 "
T4 g2nf  44g2nf 16+ (27f)2
(8)
Now, we see from Table 11.1 that the inverse transform is
_ _ﬁ 7T ﬁ —4T i —4|7|
Rxy(7) = 33¢ u(T) + 33¢ u(r) + 1€ 9)
Problem 11.8.7 Solution
(a) Since E[N(t)] = un = 0, the expected value of the output is uy = uyH(0) = 0.
(b) The output power spectral density is
Sy (f) = [H()]* Sy (f) = 107 %2101 (1)
(¢) The average power is
o0 oo 6
EVA0]= [ sy(ndi= [ sy )
—00 —00 N )
=2x 103/ e~ 20N gf (3)
0
=103 (4)
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(d) Since N(t) is a Gaussian process, Theorem 11.3 says Y () is a Gaussian process. Thus the
random variable Y'(¢) is Gaussian with

EYH) =0  Var[Y(t)]=E[Y*t)] =107 (5)

Thus we can use Table 3.1 to calculate

Y (1) 0.01
PlY 001 =P 6
S N O AT 40) R
0.01
boe (\/0.001> (@)
— 1 ®(0.32) = 0.3745 (8)

Problem 11.8.8 Solution
Suppose we assume that N(t) and Y (¢) are the input and output of a linear time invariant filter
h(u). In that case,

t o]
Y1) = / N(u) du = / h(t — u) N (u) du (1)
0 —00
For the above two integrals to be the same, we must have
1 0<t—u<t
It —u) = { 0 otherwise (2)

Making the substitution v =t — u, we have

1 0<v<t
h(v) = { 0 otherwise (3)

Thus the impulse response h(v) depends on ¢t. That is, the filter response is linear but not time
invariant. Since Theorem 11.2 requires that h(t) be time invariant, this example does not violate
the theorem.

Problem 11.8.9 Solution

(a) Note that |[H(f)| = 1. This implies Sy;(f) = Sau(f). Thus the average power of M(t) is

i= [ sy [ supa-q 1)
(b) The average power of the upper sideband signal is
E [U*(t)] = E [M?(t) cos*(2m fot + ©)] (2)
_E [2M(t)M(t) cos(2m fot + ©) sin(27 fut + O) (3)
+E [M%s) sin®(2m fot + @)} (4)
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To find the expected value of the random phase cosine, for an integer n # 0, we evaluate

2m 1
E [cos(2m fot +nO)] = / cos(2m fot + n9)2—d9
0 7T
= L in@nfit 4+ no)2"
= g, —sin(2rfet +n)ly

r . .
=5 (sin(27 fot + 2nm) — sin(27w f.t)) =0

Similar steps will show that for any integer n # 0, the random phase sine also has expected

value
E [sin(2nf.t +nO)] =0

Using the trigonometric identity cos? ¢ = (1 + cos 2¢)/2, we can show

E [cos’(2nfit +©)] = E B (1 + cos(2m(2f:)t + 2@))} =1/2
Similarly,

E [sin®(2nft+O)] =E B (1 —cos(2m(2fc)t + 2@))] =1/2

In addition, the identity 2sin ¢ cos ¢ = sin 2¢ implies

E 2sin(27 fot + ©) cos(2m fot + O)] = E [cos(4m f.t +20)] =

(8)

(9)

(10)

(11)

Since M (t) and M (t) are independent of ©, the average power of the upper sideband signal

is

E[U%(t)] = E [M2(t)] E [cos®(2n fut + ©)] + E [M?(t)} E [sin?(2r f.t + O)]

_E [M(t)]\?[(t)} E[2cos(2r fut + O)sin(2r f.t + ©)]
=a/2+q¢/2+0=¢

Problem 11.8.10 Solution

(a) Since Sy (f) = 107 for all f, Ry (1) = 10~156(7).
(b) Since © is independent of W (),

EV(t)] = E[W(t)cos(2m fet + O)] = E[W(t)] E [cos(2m fot + O)] =

(c) We cannot initially assume V' (¢) is WSS so we first find

Ry(t,7) = E[V()V(t+ 1)

E[W (t) cos(2mfet + O)W (t + 7) cos(2m fe(t + 7) + O)]

= E[W(@)W(t+ 1) E[cos(2m f.t + O) cos(2m fo(t + 7) + O)]
= 10716(7)E[cos(2m f.t + ©) cos(2m fo(t + 7) + O)]
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We see that for all 7 # 0, Ry (t,t+ 7) = 0. Thus we need to find the expected value of
E [cos(2m fet + O) cos(2mfe(t + 7) + O)] (6)

only at 7 = 0. However, its good practice to solve for arbitrary 7:

Elcos(2m fot + ©) cos(2m fo(t + 7) + O)] (7)
. %E[COS(QW ) + cos(2m (2t +7) + 20)] (8)
- ! cos(2m fo1) + E /27T cos(2m fo(2t + 1) + 26)i do 9)
2 ¢ 2 Jo ¢ 2

27
= % cos(2m fo1) + % sin(2m f (2t + 7) + 20) (10)
0
= % cos(2m fo1) + % sin(2m fo (2t + 7) + 4m) — % sin(2m f.(2t + 7)) (11)
= % cos(2m fe1) (12)
Consequently,
Ry(t,r) = %10—155(7) cos(2r fur) = %10—155(7) (13)

(d) Since E[V(t)] = 0 and since Ry (t,7) = Ry (7), we see that V(¢) is a wide sense stationary
process. Since L(f) is a linear time invariant filter, the filter output Y'(¢) is also a wide sense
stationary process.

(e) The filter input V(£) has power spectral density Sy (f) = $10715. The filter output has power

spectral density
10°°/2 |f|<B

s =lnsvan={ o IS (1)
The average power of Y (t) is
E[Y*(t)] = /OO Sy (f) df = /B %10—15 df =107°B (15)
—00 —B

Problem 11.9.1 Solution
The system described in this problem corresponds exactly to the system in the text that yielded
Equation (11.146).

(a) From Equation (11.146), the optimal linear filter is
Sx (f)

D=5+ 55 () W
In this problem, Rx (7) = sinc(2W) so that
_ ! f
Sx (f) = Wrect (W) (2)



It follows that the optimal filter is

H(f) = o et (%> 1 rect ( / > . (3)

ﬁ rect (%) 4105 105 +2W 2w

(b) From Equation (11.147), the minimum mean square error is

« [ Sx(f)Sn(f) Y e
= [ gA s [ sy (W
5 w
= e |, 0 )
2W
T 105 42w (6)

It follows that the mean square error satisfies e; < 0.04 if and only if W < 2,083.3 Hz. What
is occurring in this problem is the optimal filter is simply an ideal lowpass filter of bandwidth
W. Increasing W increases the bandwidth of the signal and the bandwidth of the filter H(f).
This allows more noise to pass through the filter and decreases the quality of our estimator.

Problem 11.9.2 Solution
The system described in this problem corresponds exactly to the system in the text that yielded
Equation (11.146).

(a) From Equation (11.146), the optimal linear filter is

A Sx (f)
H(f)= 1
D=5+ W
In this problem, Rx (1) = e~20%17| 5o that
10?
S = . 2
x(f) (5,000)2 + (2 f)? (2)
It follows that the optimal filter is
10%
() = — G o )
- 104 -5 9 2"
15,0002+ (2 f)2 +10-5 1.025 x 10Y + (27Tf)
From Table 11.2, we see that the filter H (f) has impulse response
7 109 —alT
where a = /1.025 x 109 = 3.20 x 10%.
(b) From Equation (11.147), the minimum mean square error is
> Sx (f)Sn (f) /°° ;
ey = df = H(f)S d 5
o0
107 [ A a (©
— 00
. 10
=10"%h(0) = — = 0.1562.
07°h(0) e 0.156 (7)
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Problem 11.10.1 Solution

Although it is straightforward to calculate sample paths of Y, using the filter response Y, =
%Yn_l + %Xn directly, the necessary loops makes for a slow program. A solution using vectors and
matrices tends to run faster. From the filter response, we can write

1
Y| = §X1 (1)
Yo = 1X1 42X (2)
2= A1+ 5 A2
1 1 1
YVi=-X1+-Xo0+=-X 3
3= g1 + 1%2 + 543 (3)
(4)
1 1
In vector notation, these equations become
Y, /20 -+ 0 X,
Yy 1/4 1/2 - | | X2
=gty . (6)
: : .. .. 0 :
Y, 120 .. 1/4 1/2| Xn
—— ——
Y H X

When X is a column of iid Gaussian (0, 1) random variables, the column vector Y = HX is a single
sample path of Y7,...,Y,,. When X is an n x m matrix of iid Gaussian (0,1) random variables,
each column of Y = HX is a sample path of Y7,...,Y,. In this case, let matrix entry Y; ; denote
a sample Y; of the jth sample path. The samples Y; 1,Y;9,...,Y; ,, are iid samples of ¥;. We can
estimate the mean and variance of Y; using the sample mean M, (Y;) and sample variance V,,(Y;)
of Section 7.3. These estimates are

m

S Yy My () ™)

1 m
Mp(Y) = > Yig, V(Y =
j=1 j=1

This is the approach of the following program.

function ymv=yfilter(m);

%ymv(i) is the mean and var (over m paths) of y(i),
%the filter output of 11.2.6 and 11.10.1

X=randn (500,m) ;

H=toeplitz([(0.5)."(1:500)],[0.5 zeros(1,499)]1);
Y=Hx*X;

yav=sum(Y,2) /m;

yavmat=yav*ones(1,m) ;

yvar=sum((Y-yavmat) ."2,2)/(m-1);

ymv=[yav yvar];

The commands ymv=yfilter (100) ;plot(ymv) will generate a plot similar to this:
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We see that each sample mean is small, on the other order of 0.1. Note that E[Y;] = 0. For m = 100
samples, the sample mean has variance 1/m = 0.01 and standard deviation 0.1. Thus it is to be
expected that we observe sample mean values around 0.1.

Also, it can be shown (in the solution to Problem 11.2.6 for example) that as ¢ becomes large,
Var[Y;] converges to 1/3. Thus our sample variance results are also not surprising.

Comment: Although within each sample path, Y; and Y;,; are quite correlated, the sample
means of Y; and Y are not very correlated when a large number of sample paths are averaged.
Exact calculation of the covariance of the sample means of Y; and Yj;; might be an interesting
exercise. The same observations apply to the sample variance as well.

Problem 11.10.2 Solution

This is just a MATLAB question that has nothing to do with probability. In the MATLAB oper-
ation R=fft(r,N), the shape of the output R is the same as the shape of the input r. If r is
a column vector, then R is a column vector. If r is a row vector, then R is a row vector. For
fftc to work the same way, the shape of n must be the same as the shape of R. The instruction
n=reshape (0: (N-1) ,size(R)) does this.

Problem 11.10.3 Solution
The program cospaths.m generates Gaussian sample paths with the desired autocorrelation func-
tion Rx (k) = cos(0.04 * pi x k). Here is the code:

function x=cospaths(n,m);

%Generate m sample paths of length n of a
%Gaussian process with ACF R[k]l=cos(0.04*pixk)
k=0:n-1;

rx=cos (0.04*pix*k)’;

x=gaussvector(0,rx,m) ;

The program is simple because if the second input parameter to gaussvector is a length m vector
rx, then rx is assumed to be the first row of a symmetric Toeplitz covariance matrix. The commands
x=cospaths(100,10) ;plot(x) will produce a graph like this one:
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We note that every sample path of the process is Gaussian random sequence. However, it would
also appear from the graph that every sample path is a perfect sinusoid. this may seem strange if
you are used to seeing Gaussian processes simply as noisy processes or fluctating Brownian motion
processes. However, in this case, the amplitude and phase of each sample path is random such
that over the ensemble of sinusoidal sample functions, each sample X, is a Gaussian (0, 1) random
variable.

Finally, to confirm that that each sample path is a perfect sinusoid, rather than just resembling
a sinusoid, we calculate the DFT of each sample path. The commands

>> x=cospaths(100,10);
>> X=fft(x);
>> stem((0:99)/100,abs(X));

will produce a plot similar to this:

120 (5 . . . . . . . —5

100 1

0| 8

X" 60 | i

40P oF

20[3 8
O e R R R R TR EEEDS

0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1
k/100

The above plot consists of ten overlaid 100-point DF'T magnitude stem plots, one for each Gaussian
sample function. Each plot has exactly two nonzero components at frequencies k/100 = 0.02 and
(100 — k) /100 = 0.98 corresponding to each sample path sinusoid having frequency 0.02. Note that
the magnitude of each 0.02 frequency component depends on the magnitude of the corresponding
sinusoidal sample path.

Problem 11.10.4 Solution
Searching the MATLAB full product help for inv yields this bit of advice:

In practice, it is seldom necessary to form the explicit inverse of a matrix. A frequent
misuse of inv arises when solving the system of linear equations . One way to solve
this is with z = inv(A) * b. A better way, from both an execution time and numerical
accuracy standpoint, is to use the matrix division operator z = A\b. This produces
the solution using Gaussian elimination, without forming the inverse. See \ and / for
further information.

The same discussion goes on to give an example where 2 = A\b is both faster and more accurate.

Problem 11.10.5 Solution

The function lmsepredictor.m is designed so that if the sequence X, has a finite duration autocor-
relation function such that Rx[k| = 0 for |k| > m, but the LMSE filter of order M — 1 for M > m
is supposed to be returned, then the lmsepredictor automatically pads the autocorrelation vector
rx with a sufficient number of zeros so that the output is the order M — 1 filter. Conversely, if rx
specifies more values Ry[k] than are needed, then the operation rx(1:M) extracts the M values
Rx[0],..., Rx[M — 1] that are needed.
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However, in this problem Rx[k] = (—0.9)/*l has infinite duration. When we pass the truncated
representation rx of length m = 6 and request 1msepredictor(rx,M) for M > 6, the result is that
rx is incorrectly padded with zeros. The resulting filter output will be the LMSE filter for the filter
response

(—0.9)1F |k| <5,

Rx [k] = { 0 otherwise, (1)

rather than the LMSE filter for the true autocorrelation function.

Problem 11.10.6 Solution
Applying Theorem 11.4 with sampling period Ts = 1/4000 s yields

Rx [k] = Rx (kTs) = 10sinc(0.5k) + 5sinc(0.25k). (1)

To find the power spectral density Sx(¢), we need to find the DTFT of sinc(¢ok) Unfortunately,
this was omitted from Table 11.2 so we now take a detour and derive it here. As with any derivation
of the transform of a sinc function, we guess the answer and calculate the inverse transform. In
this case, suppose

(2)

0 otherwise.

5x () = - ect(6/6n) = {

We find Rx[k] from the inverse DTFT. For |¢g| < 1,

1/2 1 1 elm®ok _ o—imdok

®0/2
27k 27 ok :
Rx [k] = e Sx (¢) e’ d¢ = % /_4)0/2 e’ do = % Tk = sinc(pok)  (3)

Now we apply this result to take the transform of Rx[k] in Equation (1). This yields

10 5
Sx (¢) = 0F rect(¢/0.5) + 095 rect(¢/0.25). (4)
Ideally, an 2N + 1-point DFT would yield a sampled version of the DTFT Sx(¢). However, the
truncation of the autocorrelation Rx[k] to 201 points results in a difference. For N = 100, the DFT
will be a sampled version of the DTFT of Rx|[k|rect(k/(2N +1)). Here is a MATLAB program that
shows the difference when the autocorrelation is truncated to 2NV + 1 terms.

function DFT=twosincsdft(N);
%Usage: SX=twosincsdft(N);
%Returns and plots the 2N+1

%point DFT of R(-N) ... R(0) ... R(N)
%for ACF R[k] in Problem 11.2.2
k=-N:N;

rx=10%sinc(0.5%k) + 5*sinc(0.25%k);
DFT=fftc(rx);

M=ceil(0.6%N);

phi=(0:M)/(2xN+1) ;
stem(phi,abs(DFT(1: (M+1))));
xlabel(’\it \phi’);

ylabel(’\it S_X(\phi)’);

Here is the output of twosincsdft (100).
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From the stem plot of the DFT, it is easy to see the deviations from the two rectangles that make
up the DTFT Sx(¢). We see that the effects of windowing are particularly pronounced at the
break points.

Comment: In twosincsdft, DFT must be real-valued since it is the DFT of an autocorrelation
function. Hence the command stem(DFT) should be sufficient. However, due to numerical precision
issues, the actual DFT tends to have a tiny imaginary hence we use the abs operator.

Problem 11.10.7 Solution
In this problem, we generalize the solution of Problem 11.4.1 using Theorem 11.9 with £ = 1 for

filter order M > 2 The optimum linear predictor filter h = [ho hi --- hM_ly of X,4+1 given
X, = [Xn_(M_l) e X Xn]/ is given by
har—1
N . -1
h = : = RXnRXanJrl’ (1)
ho
where Rx,, is given by Theorem 11.6 and Rx, x,,,, is given by Equation (11.66). In this problem,
Xn—M+1 Rx [M]
RXnX71+1 = E Xn+1 = . (2)
X, Rx [1]

Going back to Theorem 9.7(a), the mean square error is

— —
¢t = E [(Xn+1 - h’Xn)Q} = Var[X, 1] — h'Rx, x,.,. (3)

For M > 2, we use the MATLAB function onesteppredictor(r,M) to perform the calculations.

function [h,e]l=onesteppredictor(r,M);
%usage: h=onesteppredictor(r,M);

%input: r=[R_X(0) R_X(1) .. R_X(m-1)]
%assumes R_X(n)==0 for n >=m
%output=vector h for lmse predictor

% xx=h’[X(n),X(n-1),..,X(n-M+1)] for X(n+1)
m=length(r);
r=[r(:);zeros(M-m+1,1)];%append zeros if needed
RY=toeplitz(r(1:M));

RYX=r(M+1:-1:2);

h=flipud (RY\RYX) ;

e=r(1)-(flipud(h))’*RYX;
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The code is pretty straightforward. Here are two examples just to show it works.

>> [h2,e2]=onesteppredictor(r,2)

h2 =
0.8571
-0.1429

e2 =
0.4286

>> [h4,e4]=onesteppredictor(r,4)

hd =
0.8000
0.0000
-0.0000
-0.2000

ed =
0.4000

The problem also requested that we calculate the mean square error as a function of the filter order
M. Here is a script and the resulting plot of the MSE.

%onestepmse.m 0.44

r=1-0.25%(0:3); 0.42

ee=[ 1; 0.4

for M=2:10, w 0.38
[h,el=onesteppredictor(r,M); 2 0.36
ee=[ee,e]; 0. 34

end

plot(2:10,ee,’-d’); 0-32

xlabel (’\itM’); 0.3, a p o 1o

ylabel(’\it MSE’); M

Problem 11.10.8 Solution

This problem generalizes the solution of Problem 11.10.7. to a k-step predictor. The optimum linear

predictor filter h = [ho hi - hM_l]/ of X,,41 given X,, = [Xn_(M_l) D ¢ Xn], is
given by
har—
o . -1
h = : = RXnRXan+k’ (1)
ho
where Rx, is given by Theorem 11.6 and Rx, x,,,, is given by Equation (11.66). In this problem,
Xn—M+41 Rx [M +k —1]
Rx,x,.. = F : Xntk| = : : (2)
Xy Rx [K]

Going back to Theorem 9.7(a), the mean square error is
* < 2 P
er = FE (Xn-‘rk: —h Xn) = Var[Xn+k] —h RXan+k~ (3)

The MATLAB function kpredictor(r,M) implements this solution.
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function h=kpredictor(r,M,k);

%usage: h=kpredictor(r,M,k);

%input: r=[R_X(0) R_X(1) .. R_X(m-1)]

%assumes R_X(n)==0 for n >=m

houtput=vector a

% for lmse predictor xx=h’[X(n),X(n-1),..,X(n-N+1)] for X(n+k)
m=length(r);

r=[r(:);zeros(M-m+1,1)]; %appends zeros if needed
RY=toeplitz(r(1:M));

RYX=r (1+k:M+k) ;

h=f1ipud (RY\RYX) ;

The code is pretty straightforward.

Problem 11.10.9 Solution
To generate the sample paths X, and Y, is relatively straightforward. For ¢ = n = 1, the solution
to Problem 11.4.5 showed that the optimal linear predictor X,,(Y,—1) of X, given Y,,_ is

. cd

X,y 1
Er(l-c) ! (1)

In the following, we plot sample paths of X,, and X,. To show how sample paths are similar
for different values of ¢ and d, we construct all samples paths using the same sequence of noise
samples W,, and Z,. In addition, given ¢, we choose Xy = Xoo/v'1 — ¢ where Xq is a Gaussian
(0,1) random variable that is the same for all sample paths. To do this, we write a function
xpathplot(c,d,x00,z,w) which constructs a sample path given the parameters ¢ and d, and the
noise vectors z and w. A simple script predictpaths.m calls xpathplot to generate the requested
sample paths. Here are the two programs:

function [x,xhat]=xpaths(c,d,x00,z,w) %predictpaths.m

n=length(z); w=randn(50,1) ;z=randn(50,1);

n0=(0:(n-1))’; ni=(1:n)’; x00=randn (1) ;

vx=1/(1-¢c"2); xpaths(0.9,10,x00,z,w) ;

x0=sqrt (vx)*x00; pause;

x=(c.” (n1)*x0)+... xpaths(0.9,1,x00,z,w) ;
toeplitz(c.” (n0),eye(l,n))*z; pause;

y=d* [x0;x(1:n-1)]+w; xpaths(0.9,0.1,x00,z,w);

vy=((d"2)*vx) + 1; pause;

xhat=((cxd*vx) /vy) *y; xpaths(0.6,10,x00,z,w) ;

plot(nl,x,’b-’,nl,xhat,’k:’); pause;

axis([0 50 -3 3]); xpaths(0.6,1,x00,z,w) ;

xlabel(’\itn’); ylabel(’\itX_n’); pause;

xpaths(0.6,0.1,x00,z,w);

Some sample paths for X,, and X, for the requested parameters are shown below. In each pair,
the one-step prediction X, is marked by dots.

0 10 20 30 40 50 0 10 20 30 40 50

(a) c=0.9,d=10 (d) ¢ =06, d=10
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0 10 20 30 40 50 0 10 20 30 40 50
(b) c=09,d=1 (e) c=06,d=1

s

0 10 20 30 40 50 0 10 20 30 40 50

n n

() ¢c=0.9,d=0.1 (f) c=0.6,d=0.1
The mean square estimation error at step n was found to be

d?+1
* _oox 2
GL(TL)—GL—O' d2+(1—02) (2)

We see that the mean square estimation error is e (n) = e}, a constant for all n. In addition, e},
is a decreasing function of d. In graphs (a) through (c), we see that the predictor tracks X, less
well as d decreases because decreasing d corresponds to decreasing the contribution of X,, 1 to the
measurement Y,,_1. Effectively, the impact of the measurement noise is increased. As d decreases,
the predictor places less emphasis on the measurement Y,, and instead makes predictions closer to
E[X] = 0. That is, when d is small in graphs (c) and (f), the predictor stays close to zero. With
respect to ¢, the performance of the predictor is less easy to understand. In Equation (11), the
mean square error e is the product of

o2 (d? +1)(1 —c?)

_ 2 _
Var[Xn} = m 1 — an1Yn71 - d2 + (1 — CZ) (3)

As a function of increasing c?, Var[X,,] increases while 1 — p%(n,an decreases. Overall, the mean
square error e is an increasing function of c?. However, Var[X] is the mean square error obtained
using a blind estimator that always predicts F[X] while 1 — p.2Xn,Yn_1 characterizes the extent to
which the optimal linear predictor is better than the blind predictor. When we compare graphs
(a)-(c) with ¢ = 0.9 to graphs (d)-(f) with ¢ = 0.6, we see greater variation in X,, for larger a but
in both cases, the predictor worked well when d was large.
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