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CHAPTER 3 LAPLACE TRANSFORX

Table 3-1: Properties of the Laplace transform for causal functions; i.e., x(t) = 0 forr < 0.

Property

x(1)

X(s) = L[x(1)]

2. Linearity

3. Time scaling
4. Time shift

5. Frequency shift

8. Time integral

11. Inmitial value

12. Final value

B. Convolution

1. Multiplication by constant

6. Time 1st derivative

7. Time 2nd derivative

9. Frequency derivative

10. Frequency integral

K x(1)

-
Kix1(t) + K2 x2(t) <>

x(at), a>0 <>
(=B — TN =0 -
e x(t) <>

o ax
X=— <>

dt
x" = dx e

T dr?

t

/x(t’) dt’ <>

o
tx(t) -w—=>
i
t
x(0%) =

tl_i)lgox(t) = 7(60) =

X](l‘)*xZ(t) A

K X(s)

K1 X1(s) + K7 X5(s)

:x()

T XS

X(s+a)
s X(s) —x(07)

s°X(s) — sx(07)
A

1 X(s)
S

d ,
T X(s) = =X/(s)

(o ¢]

/ X(s) ds’'

S

lim s X(s)
S—>00

lim s X(s)
s—0

Xi(s) Xa(s)

Example 3-6: Laplace Transform

Obtain the Laplace transform of

x(t) = 12 cos(4t) u(r).

Solution:

Next we define

x2(1) = e cos(d1) u(t) = e x, (1), (3

and we apply the frequency shift property (entry #5 in T

3-1) to obtain

The given function is a product of three functions. We start

with the cosine function which we will call E1(t):

X1 (t) = cos(41) u(t).

According to entry #11 in Table 3-2, the corresponding Laplace

transform is

s
el 2416

Xa(s)
(3.39)

s+3

=X (T D )
e 5132 +16

where we replaced s with (s + 3) everywhere in the expre«

(3.40)

of Eq. (3.40). Finally, we define

x(t) =12 x2(1) = e~ cos(4t) u(r),
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Table 3-2: Examples of Laplace transform pairs. Note that x(t) = 0 fort < 0~ and T > 0.

Laplace Transform Pairs
x(t) X(s) = L[x(1)]
1 §(t) = |
1a §(t—T) <=> ¢TI
1
e—Ts
2a u(t—T) <=>
s
1
3 e y(t) <>
sS+a
e—Ts
3a e =Tyt —T) <=
S+a
1
4 tu(t) <= =
S
e—Ts
4a t—Thu@t—-T) w=> 5
S
5 2u(t) <> 5
S
= If
6 te= " y(t) <> s
(s+a)
2
75 t2e=at y(t —
& ® (s +a)3
el
8 "lemat y(r) > St
(S=ha)’
9 sin(wor) u(t) > —20 >
s2 =+ on
i ssiné + wq cos O
10 sin(wot +0) u(t) <= R T
s + o}
11 cos(wot) u(t) <= —SE
s2 + g
12 sl ¥ BNy T ORI ‘”025"‘9 ;
’ X s2 + (o
13 e sin(wot) u(t) <> Lz
(s+a)* + wj
14 “eT cos(wot) u(t) <> S-l-“az
(s+a)?+ wp
15 2e=4" cos(bt — 6 i ik
= T = t <
e e s+a+jb+s+a—jb
6 + bsin@
15a e cos(bt — 0) u(t) <> ol e A
(s +a)? + b2
2pn—1 6 —j6
16— e cos(bt — 0) u(t) <> Sl gorarane§ o
(n=71)! ' (Sita e gb)t s il(Scta — i)t
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Table 4-1: Circuit models for R, L, and C in the s-domain.

Time-Domain s-Domain
Resistor
4 )
RS v RSV
U=Ri Vi= RI
Inductor
I ‘ x
; +
lL‘ SL
Lo \'%3 OR
i Lig(07)
dip.
)
e

1 N =sLI; =3 i.(07)

t
iL = /vL dt’ +ip(07)
X

el

Capacitor
X H_ )
ic H_ ik ¥
9 s¢
@ e Ve OR
—l_ vc(07)

S

duc
iiligra G
= dr

I 0~
’ t — _g 4 Lalul, Ic =sCVc — C uc(07)
ve = E/ic dr’ + ve(07) 3 s
A

where v(07) is the initial voltage across the capacitor. The [i(07) =v(07) =0
s-domain circuit models for the capacitor are available in
Table 4-1. . ,
Impedances Zg, Z; , and Z¢ are defined in the s-domain in Zr =R, Zy =sL, Zc = i
terms of voltage to current ratios, under zero initial conditions
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CHAPTER 5 FOURIER ANALYSIS TECHNIC =

Table 5-3: Fourier series representations for a real-valued periodic function x (7).

Fosine/Sine
o0

Amplitude/Phase

Complex Exponential

x(D)=aph Z[an cos(nwgt) + by sin(nwot)]

n=1

To
# 1
ag = TO fx(t) dt
0

Cn=\/a%+b%

To
2
an = —/x(t) cos nwgt dt
To
0

o0
x(ty="cp'+ Z cp cos(nwot + ¢dn)

n=1

cnej¢" =ap — jbn

o0
i) = Z xp, e/ 0!

n=—00

Xp = Ixn|e]¢"; X—n = X:Z ¢O—n = —0n

|xn| = cn/2; X0 = €0

i tan~1 (b /an) 0 L
-9 , Bis
/7 i o /x(t) Sinnw()t dt ¢" e _ln/an Gy = e fx(t) e Jnaot dt
To 7 —tan" ' (bn/an), an <0 To )
0
4o = CO = X0 an = Cn COSPn} bp = —CnSiNPn; Xn = T(an — jbn)

The exponential representation given by Eq. (5.44) is
characterized by two-sided line spectra because in addition
to the dc value at @ = 0, the magnitudes |x,| and phases ¢
are defined at both positive and negative values of wo and its
harmonics.

It is easy to understand what a positive value of the angular
frequency w means, but what does a negative angular frequency
mean? It does not have a physical meaning: defining @ along
the negative axis is purely a mathematical convenience.

The single-sided line spectra of the amplitude/phase
representation given by Eq. (5.39) and the two-sided
exponential representation given by Eq. (5.44) are interrelated.
For a real-valued periodic function x(f) with fundamental
angular frequency wo:

(a) The amplitude line spectrum is a plot of amplitudes ¢, at
® = 0 (dc value) and at positive, discrete values of @, namely
nawo with n a positive integer. The outcome is a single-sided
spectrum similar to that displayed in Fig. 5-5(a).

(b) The magnitude line spectra is a plot of magnitudes |X|
at @ = 0 (dc value) and at both positive and negative values
of wp and its harmonics. The outcome is a two-sided spectrum
as shown in Fig. 5-5(b).

(¢) The two-sided magnitude spectrum has even symmetry
about n = 0 (i.e., |x,| = |X_n|), and the magnitudes of x;, are
half the corresponding amplitudes ¢;. That is, |Xx| = ¢n/2,
except for n = 0 in which case |x0l = lcol-

(d) The phase line spectrum ¢, is single-sided, whereas the
phase line spectrum of X, is two-sided. The right half of the

two-sided phase spectrum [Fig. 5-5(d)]is identical with
sided phase spectrum of the amplitude/phase represe
[Fig. 5-5(¢)].

(e) The two-sided phase spectrum has odd symmetry
n =0 (because ¢_, = —¢n), as illustrated by Fig. =
However, if ag < 0, then ¢o = 7, in which case ¢, w
longer be an odd function of n.

Exercise 5-3: A periodic signal x(t) has the com
exponential Fourier series

%) = (=2 + jO) + B + jHel + (1 + e’

d@sme Rl d - el

Compute its cosine/sine and amplitude/phase Fo
series representations.

Answer: Amplitude/phase representation:
x(t) = =2 + 10cos(21 + 53°) + 2v/2 cos(4t + 45
Cosine/sine representation:

x(t) = =2+ 6¢os(2t) — 8 sin(2t)
+ 2 cos(41) — 2sin(41).

(See @)
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Table 5-6: Examples of Fourier transform pairs. Note that constant a > 0.

X(@) = Flx®)]

X(w)|

BASIC FUNCTIONS

ot
1. li ® (1) > 1
t
iy ~
la. t 8t —ty) <> /90
Iy
2., ——— 1 > 276w
L
1 .
3. I u(t) <=> 7w +1/jo
g
l_
s sgn(t) <> 2/jw
—_1
1
S: I | P rect(t/t) <> 1sinc(wr/2)
l-7 =l
6. : | : It > —2/w?
t
7a. 1 e ut) <> 1/@a+ jo) 1/a
—‘&t
7b. {1 e u(—1) > 1/(a— jo) l/a
i -
8 1{# b, coswgt > 7[6(w — wp) + 8(w + wp)] 4 il |
' — 20
T
9, 1 ; sinwgt  *=>  jr[8(w+ wy) — 8(w — wp)] _LT.wO
ADDITIONAL FUNCTIONS
10. eI > 27 §(w — wp)
11. te= u(t) <> 1/(a+ jo)?
12a. e~ sinwptlu(t) <> wo/l(a+ jo)® + f]
| 12b. lb £y [sinwgt]ur) €= (1/2))[8(@ — wp) — 8(w + wp)] + [wf/ (@G — )]
13a. , [e= coswptl u(t) <> (a+ jo)/l(a+ jo)® +w]]
13b, 1# e [coswot] u(t) <> (/D)[8(@ — wo) + 5@ + wo)] + [jeo/ (@ — )]
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CHAPTER 5 FOURIER ANALYSIS TECHNIQL

Table 5-7: Major properties of the Fourier transform.

o0
Property () B Of= / x(t) eI ar ;
—00
1. Multiplication by a constant Kx(t) - K X(w)
2. Linearity K1 x1()+ K2 x2(t) <> K X{(@) + K2 X2 (0) a
! f
3. Time scaling 3 x(at) <> al X (g) 2
4. Time shift x(t—1g) <> e J°0 X(w) f
5. Frequency shift el x(t) <> X(o—wp) =
5 A ;  dx . g
6. Time 1st derivative X = > jo X(w) !
.
: i d"x ! ’
7. Time nth derivative 79 > (jo)" X()
1 00
b X (@)
8. Time integral x(t)dt <> —+n7 X(O) §(w), where X(O) = x (1) dt
®
o 4 —o0
T 5 . nd"X(w)
9. Frequency derivative t"x() <> (j)
do"
10. Modulation x(1) coswpr > AX(w - wp) + XK@ + )]
11. Convolution in 7 x1() xx2(t) <> Xl(w) Xz(w) FRv s
1
12. Convolution in x1(t) x2(t) <> - X (w) * Xa(w)
T
13. Conjugate symmetry X(—w) = X*(w)

Concept Question 5-15: “Animpulse in the time domain
is equivalent to an infinite number of sinusoids, all with
equal amplitude.” Is this a true statement? Can one
construct an ideal impulse function?

Exercise 5-7: Use the entries in Table 5-6 to determine
the Fourier transform of u(—t).

Answer: X(w) =7 §(w) E 1/jw. (See &)

Exercise 5-8: Verify the Fourier transform expression
entry #10 in Table 5-6.

Answer: (See &) ‘Fumda

5-9 Parseval’s Theorem for Fourie
Transforms

Recall that Parseval’s theorem for the Fourier series st
the average power of a signal x (t) can be computed in e e o3
time or frequency domains. Parseval’s theorem for the e a0
transform states that the energy E of a signal can be co
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CHAPTER 7 DISCRETE-TIME SIGNALS AND SYSTF wt.

Table 7-5: Examples of z-transform pairs. ROC stands for region of convergence (validity) in the z-plane.

z-Transform Pairs
x[n] X(z) = Z[x[n]] ROC
1 3[n] > 1 Allz
la dn—m] <> z7" ifm>0 Z A0
2 uln] > =X lz] > 1
z—1
3 nufn] <> ﬁ |z| > 1
3a n? uln] <> f(z +1)13) |z| > 1
z —
4 a" uln] > ¢ |z| > |a]
Z—a
1
4a a" lum—1 <> |z| > |a]
Z—a
4b na uln] <> ﬁ |z| > |a|
il
4d¢ (m—-1a"2yn—2] <> e z| > |a|
4d n?a uln] <> *a(z(i:;) |z| > |a
in(Q
5 S uln] > | b LD Iz > 1
72 — 2z cos(2) + 1
_ azsin(Q)
Sa a"sin(Qn) uln] <> R i |z| > |a|
2
Z° — Zcos(2)
6 Q - -’ 1
e 22 — 2zc0s(Q) + 1 At
2
z° — azcos(R2)
6 a” cos(Q2 —3 a
a 0s(2n) uln) T G WY |z| > |a|
2
z“cos(0) —zcos(Q —0)
7 Qn+6 e 1
e i g 22 —2zc0s(Q) + 1 Wl
Jjé —Jjo .
7a  2lal" cos(Qn +0) uln] > £ ze_* : a=|ale/? |z] > |a|
Z—a z-—a

where z is a complex variable analogous to % for the Laplace
transform.

The z-transform rransforms x[n] from the discrete-time
domain symbolized by the discrete variable 7 to the z-domain,
where, in general, z is a complex number. The inverse
z-transform performs the reverse operation,

x[n] = Z7'[X(2)]. (7.59)

» The uniqueness property of the unilateral z-transform
states that a causal signal x[n] has a unique X(z), and vice
versa. <

Thus,
x[n] <> X(z). r

u[n]

7-6.2 Examples of z-Transform Pairs
The conditis
Not all discrete-time signals have z-transforms. Fortun MENC) of th
however, for the overwhelming majority of signals of pr. WMain]] = z/(;
interest, their z-transforms do exist. Table 7-5 provides = Wimite series
of z-transform pairs of signals commonly used in science sspression is n

engineering. s book. How
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