Problem Solutions — Chapter 4

Problem 4.1.1 Solution

(a) The probability P[X <2,Y <3| can be found be evaluating the joint CDF Fyx y(z,y) at

x =2 and y = 3. This yields

P[X <2, Y <3]=Fxy(2,3)=(1—e (1 —e?)

(b) To find the marginal CDF of X, Fx(x), we simply evaluate the joint CDF at y = oc.

1—e™® 2>0
0 otherwise

Fx (x) = Fxy (z,00) :{

(c¢) Likewise for the marginal CDF of Y, we evaluate the joint CDF at X = co.

B [ 1-eY y>0
Fy (y) = Fxy (o0, y) = { 0 otherwise

Problem 4.1.2 Solution

(a) Because the probability that any random variable is less than —oo is zero, we have

Fxy (z,—00) =P[X <2,Y < -0 <PJY < —00] =0

(b) The probability that any random variable is less than infinity is always one.

Fxy (z,00)=P[X <z,Y <oo|=P[X <z] =Fx (x)

(c) Although P[Y < oo] =1, P[X < —oo] = 0. Therefore the following is true.

Fxy (—00,00) = P[X < —00,Y <o00] < P[X < —00] =0

(d) Part (d) follows the same logic as that of part (a).

Fxyy (=00,y) = P[X < =00,V <y < P[X < —o0] =0

(e) Analogous to Part (b), we find that

Fxy (00,y) =P[X <00,Y <y|=P[Y <y]=Fy (y)
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Problem 4.1.3 Solution
We wish to find Plz; < X <xg] or Ply; <Y <1ys]. We define events A = {y; <Y <y} and
B ={y; <Y < ys} so that

P[AUB] = P[A] + P[B] — P[AB] (1)

Keep in mind that the intersection of events A and B are all the outcomes such that both A and
B occur, specifically, AB = {x1 < X < 9,51 <Y < yo}. It follows that

PI[AUB]=Plr; <X <x]+ Ply1 <Y <y

—Plr; <X <a9,51 <Y <. (2)
By Theorem 4.5,
Plry < X <a9,y1 <Y <y
= Fxy (72,y2) — Fx)y (z2,91) — Fixy (v1,92) + Fx )y (z1,91) - (3)
Expressed in terms of the marginal and joint CDFs,
P[AU B] = Fx (v2) = Fx (21) + Fy (y2) — Fy (1) (4)
— Fxy (w2,92) + Fx)y (x2,y1) + Fxy (v1,92) — Fx)y (z1,71) (5)

Problem 4.1.4 Solution

Its easy to show that the properties of Theorem 4.1 are satisfied. However, those properties are
necessary but not sufficient to show F(x,y) is a CDF. To convince ourselves that F(z,y) is a valid
CDF, we show that for all 1 < xo and y; < yo,

Plry < X1 <ao,p1 <Y <y >0 (1)

In this case, for 1 < z9 and y; < y9, Theorem 4.5 yields

Plzy < X <mo,y1 <Y <yo] = F(x2,y2) — F21,92) — F(x2,91) + F(21,91) (2)
= Fx (x2) Fy (y2) = Fx (#1) Fy (y2) (3)
— Fx (w2) Fy (y1) + Fx (z1) Fy (1) (4)
= [Fx (z2) — Fx (z1)][Fy (y2) — Fy (1)) (5)
>0 (6)
Hence, Fx(x)Fy(y) is a valid joint CDF.
Problem 4.1.5 Solution
In this problem, we prove Theorem 4.5 which states
Ploy < X <zo,y10 <Y <] = Fxy (22, 92) — Fxy (%2,41) (1)
— Fxy (x1,92) + Fxy (z1,91) (2)
(a) The events A, B, and C' are
y Y y
c y y.
Z ’ ! D (3)
X, —> X RY X —» X X, X, —> X
A B C
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(b) In terms of the joint CDF Fx y(x,y), we can write

PlAl = Fxy (z1,y2) — Fxy (71,91) (4)
P[B] = Fxy (z2,y1) — Fx,y (x1,11) (5)
P[AUBUC] = Fxy (z2,y2) — Fxy (z1,y1) (6)

(¢) Since A, B, and C are mutually exclusive,
P[AUBUC] = P[A]+ P[B]+ P[C] (7)
However, since we want to express
P[C]=Plr; < X <x9,y1 <Y < 1o (8)
in terms of the joint CDF Fx y(x,y), we write

P[C] = P[AUBUC] - P[A] - P[B] (9)
= Fxy (v2,92) — Fxy (z1,92) — Fx)y (v2,y1) + Fx)y (z1,%1) (10)

which completes the proof of the theorem.

Problem 4.1.6 Solution
The given function is

1 — ¢~ (@+ty) y>0
Fevto={ 177 20

otherwise
First, we find the CDF Fx(x) and Fy (y).
Fx (z) = Fxy (w,00) = { (1) Z}tiefwise (2)
By (y) = Fxy (00,9) = { (1) ztiegwise (3)
Hence, for any x > 0 or y > 0,
PX>z]=0 PlY >y]=0 (4)
For x > 0 and y > 0, this implies
P{X >z} U{Y >y} <PX>z|+PY >y =0 (5)
However,
PUX >z}U{Y >y} =1-P[X <z,Y <y]=1—(1— e W) = ¢~ (@+) (6)

Thus, we have the contradiction that e~ (+Y) < 0 for all z,y > 0. We can conclude that the given
function is not a valid CDF.
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Problem 4.2.1 Solution
In this problem, it is helpful to label points with nonzero probability on the X, Y plane:
Yy PX7Y ([E, y)

4
3 .30 .60 12¢
2

(a) We must choose ¢ so the PMF sums to one:

Z Zvay(x,y):c ny

x=1,2,4y=1,3 z=1,24 y=13
=c[1(1+3)+2(1+3)+4(1+3)] =28¢

Thus ¢ = 1/28.

(b) The event {Y < X} has probability

1(0) +2(1) +4(1+3) 18
PIY <X]= > > Pxyl(zy) o =%
r=1,2,4y<z

(c) The event {Y > X} has probability

2 : 2 : (3) 2(3) 1(0) 9
F D > X P)(y T y = —2
r=1,2,4y>x

(d) There are two ways to solve this part. The direct way is to calculate

p[y X Z ZPnyy) () (0):i

r=1,2,4y=x

The indirect way is to use the previous results and the observation that

PlY =X]=1-P[Y <X]-P[Y > X]=(1-18/28 —9/28) = 1/28

S Pyy(2,3) = (LB +@E) +@E) 21 Z

oTo4 28 28

Problem 4.2.2 Solution
On the X,Y plane, the joint PMF is
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PX,Y (.7}7 y)
o 1 & .30
a2C 22c T
1 2
.3(: c o

(a) To find ¢, we sum the PMF over all possible values of X and Y. We choose ¢ so the sum

equals one.
ZZnyy(x,y): Z Z clx +y| =6c+2c+ 6c = l4c (1)
Ty r=—2,0,2y=—1,0,1
Thus ¢ = 1/14.
(b)
P [Y < X] = PX,Y (0, —1) + PX7y (2, —1) + PX,Y (2,0) + PX,Y (2, 1) (2)
=c+c+2c+3c=Tc=1/2 (3)
(c)
P [Y > X] = Pny (—2, —1) + PX7y (—2, 0) —+ PX7y (—2, 1) + PX7y (0, 1) (4)
=3c+2c+c+c=Tc=1/2 (5)

(d) From the sketch of Px y(x,y) given above, P[X =Y] = 0.

(e)
P[X <1]=Pxy (-2,-1)+ Pxy (=2,0) + Pxy (—2,1)
+ Pxy (0,—1) + Pxy (0,1) (6)
— 8c—8/14. (1)

Problem 4.2.3 Solution

Let 7 (reject) and a (accept) denote the result of each test. There are four possible outcomes:

rr,ra,ar,aa. The sample tree is
p T err p
D T <
1 a era p(l—p)
P r ear p(l—p)
1=p>_ <
1 a eaa (1-p)2
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Now we construct a table that maps the sample outcomes to values of X and Y.

outcome | P[] |X|Y
rr p? 111
ra |pi-p)|1]0 1)
ar p(l—=p)| 0|1
aa 1-p2|0|o0

p? r=1y=1
p(l—p) z=0,y=1
PX,Y (l’,y) = p(l _p) r=1y=0 (2)
(1-p)? 2=0,y=0
0 otherwise

Problem 4.2.4 Solution
The sample space is the set S = {hh, ht,th,tt} and each sample point has probability 1/4. Each
sample outcome specifies the values of X and Y as given in the following table

outcome ‘ XY

hh |0 1

ht 1 0 (1)
th 11

tt 2 0

The joint PMF can represented by the table

Pxy (z,y) |ly=0 y=1
=0 0 1/4
c=1 | 1/4 1/4 (2)
c=2 | 1/4 0

Problem 4.2.5 Solution
As the problem statement says, reasonable arguments can be made for the labels being X and Y or
x and y. As we see in the arguments below, the lowercase choice of the text is somewhat arbitrary.

e Lowercase axis labels: For the lowercase labels, we observe that we are depicting the masses
associated with the joint PMF Pxy(z,y) whose arguments are  and y. Since the PMF
function is defined in terms of x and y, the axis labels should be z and y.

e Uppercase axis labels: On the other hand, we are depicting the possible outcomes (labeled with
their respective probabilities) of the pair of random variables X and Y. The corresponding
axis labels should be X and Y just as in Figure 4.2. The fact that we have labeled the
possible outcomes by their probabilities is irrelevant. Further, since the expression for the
PMF Px y(z,y) given in the figure could just as well have been written Px y(-,-), it is clear
that the lowercase x and y are not what matter.
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Problem 4.2.6 Solution
As the problem statement indicates, Y = y < n if and only if

A: the first y tests are acceptable, and
B: test y + 1 is a rejection.

Thus P[Y =y] = P[AB]. Note that ¥ < X since the number of acceptable tests before the first
failure cannot exceed the number of acceptable circuits. Moreover, given the occurrence of AB, the
event X = x < n occurs if and only if there are x — y acceptable circuits in the remaining n —y — 1
tests. Since events A, B and C' depend on disjoint sets of tests, they are independent events. Thus,
for0 <y <ax<n,

Pxy (z,y) = P[X =2,Y = y| = P[ABC| (1)
= P[A]P[B] P|C] (2)
— o on (M e )
P[A]  P[B] ]
(=Y — 1 T _o\n—T
(" hran (@

The case y = x = n occurs when all n tests are acceptable and thus Py y(n,n) = p".

Problem 4.2.7 Solution

The joint PMF of X and K is Pg x(k,x) = P[K = k, X = z], which is the probability that K = k
and X = x. This means that both events must be satisfied. The approach we use is similar to that
used in finding the Pascal PMF in Example 2.15. Since X can take on only the two values 0 and
1, let’s consider each in turn. When X = 0 that means that a rejection occurred on the last test
and that the other £ — 1 rejections must have occurred in the previous n — 1 tests. Thus,

n—1

Py x (k,0) = (k .

)a—m“%%FWﬂu—m F=1....on 1)

When X =1 the last test was acceptable and therefore we know that the K = k < n —1 tails must
have occurred in the previous n — 1 tests. In this case,

n—1 1

We can combine these cases into a single complete expression for the joint PMF.

H(1 —pkprF w=0,k=1,2,...,n
Px (k,2) =4 (" N1 —plhp* 2=1k=0,1,...,n—1 (3)

0 otherwise

Problem 4.2.8 Solution

Each circuit test produces an acceptable circuit with probability p. Let K denote the number of
rejected circuits that occur in n tests and X is the number of acceptable circuits before the first re-
ject. The joint PMF, Pk x(k,x) = P[K = k, X = ] can be found by realizing that { K = k, X = x}
occurs if and only if the following events occur:
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A The first  tests must be acceptable.
B Test x+1 must be a rejection since otherwise we would have x+1 acceptable at the beginnning.
C' The remaining n — z — 1 tests must contain k — 1 rejections.

Since the events A, B and C' are independent, the joint PMF for x +k <r, z > 0 and k> 0 is

n—xz—1 1 o1 (ke
Prx (ko) = (10 ( ko1 >(1 — p)Erlprmamim(l) (1)
A PlC]

After simplifying, a complete expression for the joint PMF is

n—z—1\ n—k k
1-p)F z4k<naz>0k>0
P k — ( k—1 )p ( p — '™ - = 2
wx (K, 2) { 0 otherwise @)
Problem 4.3.1 Solution
On the X, Y plane, the joint PMF Py y(x,y) is
Y
4 - PX,Y(QZ') y)
3 3.0 6.0 12¢
2
1] § % ¥
0 x
0 1 2 3 4
By choosing ¢ = 1/28, the PMF sums to one.
(a) The marginal PMFs of X and Y are
4/28 z=1
B ) 828 a=2
y=1,3 .
0 otherwise
7/28 y=1
Py (y) = Z Pxy (z,y) = 21/28 y=3 (2)
z=1,2,4 0 otherwise
(b) The expected values of X and Y are
E[X]= Y aPx(z)=(4/28)+2(8/28) + 4(16/28) = 3 (3)
r=1,2,4
E[Y]= Y yPy(y) =7/28+3(21/28) = 5/2 (4)
y=1,3
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(¢) The second moments are

E([X?] = Z rPx (z) = 1%(4/28) + 2%(8/28) + 4%(16/28) = 73/7 (5)
r=1,2,4

E[Y? =Y yPy(y) =1%(7/28) + 3%(21/28) = 7 (6)
y=1,3

The variances are
Var[X] = E [X?] — (B [X])?=10/7  Var[Y]=E[Y?] — (E[Y])* =3/4 (7)

The standard deviations are ox = /10/7 and oy = /3/4.

Problem 4.3.2 Solution
On the X,Y plane, the joint PMF is

Pxy(z,y) +

The PMF sums to one when ¢ = 1/14.
(a) The marginal PMFs of X and Y are

6/14 2= -2,2
Px(x)= > Pxyl(x,y) =4 2/14 =0 (1)
y=-10,1 0 otherwise
5/14 y=—1,1
Py(y)= Y, Pxy(zy) =1 4/14 y=0 (2)
z=-2,0,2 0 otherwise
(b) The expected values of X and Y are
E[X]= )Y aPx(x)=—2(6/14)+2(6/14) =0 (3)
©=—2,0,2
EYI= Y yPy(y) = —1(5/14) + 1(5/14) = 0 (1)
y=-1,0,1

(c) Since X and Y both have zero mean, the variances are

Var[X] = E [X?] = > 2’Px (z) = (-2)°(6/14) + 2°(6/14) = 24/7 (5)
r=-2,0,2

VarlY] = E[Y?] = Y Py (y) = (-1)*(5/14) + 1%(5/14) = 5/7 (6)
y=-—1,0,1

The standard deviations are ox = /24/7 and oy = /5/7.
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Problem 4.3.3 Solution
We recognize that the given joint PMF is written as the product of two marginal PMFs Py (n) and
Pg (k) where

100 100™e— 100

=0,1,...
PN(”):ZPN’K(”’@:{O ! n=0,1,
k=0

otherwise

(1)

("O)pk(1 - p)t0F k=0,1,...,100

Py (k) = HZ:OPN,K (n, k) = { 0 otherwise @

Problem 4.3.4 Solution
The joint PMF of N, K is

1—-p)p/m k=1,2,...,n
PN7K(n,k): TL:1,2... (1)
0 otherwise

For n > 1, the marginal PMF of N is

Py (n) =Y Pnx(nk)=>Y (1—p)" 'p/n=(1-p)"'p (2)
k=1 k=1

The marginal PMF of K is found by summing Py x(n, k) over all possible N. Note that if K = F,
then N > k. Thus,

PR =3 2 (1= p)" )
n=k

Unfortunately, this sum cannot be simplified.

Problem 4.3.5 Solution
For n=0,1,..., the marginal PMF of N is

n

100me~ 1% 100"e 1%
Z (n+1)! - n!

Py(n) =) Pyx(nk)=
k k=0

For £k =0,1,..., the marginal PMF of K is

> > 100n+167100

100"~ 10 1
PR =2 G T 2 et @

n=k
1 o0
=:1(K)g£%1%v(7141) (3)
= P[N > k] /100 (4)

Problem 4.4.1 Solution
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(a) The joint PDF of X and Y is
Y

! Y+XxX=1

_Je z4+y<lxz,y>0
fxx(z,y) = { 0 otherwise (1)
X
1
To find the constant ¢ we integrate over the region shown. This gives
1 11—z 1
cx c
dyde=cx——| =-=1 2
/0 /0 cdydr=cx——| =3 (2)
Therefore ¢ = 2.
(b) To find the P[X < Y] we look to integrate over the area indicated by the graph
Y
1 X<Y 1/2 pl—=z
X=Y P[X<Y]= / / dy dx (3)
0 T
1/2
= / (2 — 4z) dx (4)
X O
=1/2 (5)
1
(¢) The probability P[X +Y < 1/2] can be seen in the figure. Here we can set up the following
integrals
Y
Y+X=1
1 /2 rl/2—z
P[X—|—Y§1/2]=/ / 2dydx (6)
0 0
1/2
. / (1—22) da (7)
0
=1/2-1/4=1/4 (8)

Problem 4.4.2 Solution
Given the joint PDF

2
_Joexyr 0< 2,y <1
fxy(z,y) = { 0 otherwise W

(a) To find the constant ¢ integrate fx y (z,y) over the all possible values of X and Y to get

11
1= / / cxy? dzdy = ¢/6 (2)
0 JO

Therefore ¢ = 6.
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(b) The probability P[X > Y] is the integral of the joint PDF fx y (z,y) over the indicated shaded

region.
Y
1 1 T
:/ / 6xy* dy d (3)
0o Jo
1
= / 22 da (4)
0
=2/5 (5)
1 Similarly, to find P[Y < X?] we can integrate over the region
shown in the figure.
Y=X’
1 x?
Ply <Xx? = / / 6xy? dy dx (6)
o Jo
, X =1/4 (7)
1

(c) Here we can choose to either integrate fx y (z,y) over the lighter shaded region, which would
require the evaluation of two integrals, or we can perform one integral over the darker region
by recognizing

min(X,Y) <%

+/ minxy > %
1 Pmin(X,Y) <1/2] =1 — Pmin(X,Y) > 1/2] (8)
=1 —/ / 62y dx dy 9)
1/2 /2
! 1
=1 —/ dy (10)
X e 47T 32
1

(d) The probability P[max(X,Y) < 3/4] can be found be integrating over the shaded region
sh(%wn below.

1] maxhy) < Plmax(X,Y) < 3/4] = P[X <3/4,Y <3/4]  (11)
/ i
= / / 6zy? dx dy (12)
_ ( 3/4) ( 3/4) (13)
— X = (3/4)® = 0.237 (14)
Problem 4.4.3 Solution
The joint PDF of X and Y is
6e=(22H3Y) 4 >0,y >0,
Py (@y) = { 0 otherwise. (1)
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(a) The probability that X > Y is:

IYK [e.e] x
x>y P[X >Y] :/ / 6e~ 22 3Y) dy dx: (2)
o Jo
:/O 2¢~ % (—e_3y y:g) dx (3)
- X = / [2e7% — 2¢7%) dx = 3/5 (4)
0
The P[X +Y < 1] is found by integrating over the region where X +Y <1
1 1—x
Y PIX+Y <1]= / / 6e~ (2239 dy da (5)
11 0 Jo
X+Y< 1 . ! o —3y|y=1-=
= /0 2e [—e ‘y:O } dx (6)
1
:/ 2e % [1 —673(17”)} dx (7)
_ X 0
1 = —e 2% 26”373!3 (8)
=1+2e3 -3¢ (9)

(b) The event min(X,Y") > 1 is the same as the event {X > 1,Y > 1}. Thus,

o0 (o.¢]
Pmin(X,Y) > 1] = / / Ge— (22+3y) dy dx = o (213) (10)
11
(c) The event max(X,Y) <1 is the same as the event {X < 1,Y <1} so that

Pmax(X,Y) < 1] = /01 /01 6e~ =3 dyde = (1 — e 2)(1 — 73) (11)

Problem 4.4.4 Solution

The only difference between this problem and Example 4.5 is that in this problem we must integrate
the joint PDF over the regions to find the probabilities. Just as in Example 4.5, there are five cases.
We will use variable u and v as dummy variables for z and y.

e r<0Oory<0

In this case, the region of integration doesn’t overlap the
region of nonzero probability and

vay(x,y):/y /m fxy (u,v) dudv =0 (1)
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e D<y<z<l1

In this case, the region where the integral has a nonzero contribution is
Y

Il
HC\J
o~
—
8
o
\_/
4
<
4

fxy (u,v) dvdu

=1/
/ / Suv dv du
-

ny(l’

U,—QT4

e 0<y<landx>1

Y
Fxy (z,y) = / / fxy (u,v) dvdu

/ / 8uv du dv

—/0 4u(1 —v?) dv

— 92—yt

e r>landy>1
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In this case, the region of integration completely covers the
region of nonzero probability and

Fxy (z,y) = /y /m’ fxy (u,v) dudv (13)

The complete answer for the joint CDF is

=1 (14)
0 r<0ory<0
2022 — 9yt 0<y<a<l1
Fxy (z,y) =1 z* 0<z<y0<z<l1 (15)
20—yt 0<y<la>1
1 r>1ly=>1

Problem 4.5.1 Solution

(a) The joint PDF (and the corresponding region of nonzero probability) are

Y
A

A

12 -1<x<y<1
p X Fxy (@.y) _{ 0 otherwise (1)
1 11 11_
P[X>0]:/ / —d,yd:r::/ T dr =1/4 (2)
0 T 2 0 2

This result can be deduced by geometry. The shaded triangle of the X, Y plane corresponding
to the event X > 0 is 1/4 of the total shaded area.

(¢c) Forz>1orax<—1, fx(x) =0. For -1 <z <1,

00 1
1
fe@= [y @)= [ Ga=-o)2 )
— 00 JIT
The complete expression for the marginal PDF is
Fx (z) = { 0 otherwise. (4)
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(d) From the marginal PDF fx(x), the expected value of X is

0 1 1
E[X]—/_Ooxfx(x)dx—§/_1x(1—x)d:c (5)
2?2 23| 1

Problem 4.5.2 Solution

2 z24+y<1lz,y>0
Fxx(@,y) = { 0 otherwise (1)
Using the figure to the left we can find the marginal PDFs by integrating
Y over the appropriate regions.
1
Y+X=1 -
- [ 21-2) 0<z<1
Fx (@) = /0 2dy = { 0 otherwise (2)
Likewise for fy (y):
X
1-y
1 B [ 21-y) 0<y<1
Iy y) = /0 2dw = { 0 otherwise (3)

Problem 4.5.3 Solution
Random variables X and Y have joint PDF

[ 1)) 0<a?+y2 <0
Fxx(zy) = { 0 otherwise (1)
(a) The marginal PDF of X is
Vr2—x? N
=2 :{ T e, @)
X 5 dy :
P22 TT otherwise.
(b) Similarly, for random variable Y,
Vri-y? g 2¢/r2—y2 <y <y
fy<y):2 —dx = Tr2 SyY=T (3)
2 .
—\/r2o2 TT 0 otherwise.

Problem 4.5.4 Solution

The joint PDF of X and Y and the region of nonzero probability are
Y

[ 52?2 —1<x<1,0<y<a?
Fxy (@y) = { 0 otherwise

» X

1 I
We can find the appropriate marginal PDFs by integrating the joint PDF.
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(a) The marginal PDF of X is

a? g 2 4
B 5 [ bh2t/2 —1<zx<1
Jx (@) = /0 o W= { 0 otherwise

(b) Note that fy(y) =0fory >1ory <0. For 0 <y <1,

Y
I fY(y):/ Ixy (z,y) dzx
~VU E 2 1 k.2
y :/ 5gcal:13+/ 5idx
4 T T T X -1 2 VY 2
-1 -y W1 = 5(1 —y%/?)/3

The complete expression for the marginal CDF of Y is

_ [ 5(1-¢*?)/3 0<y<1
Iy )= { 0 otherwise

Problem 4.5.5 Solution
In this problem, the joint PDF is

[ 2yl frt 0< a4y <o
fxy(z,y) = { 0 otherwise

(a) Since |zy| = |z||y|, for —r <z < r, we can write

VrZ—z2

> 2|x
fx (x) =/ fxy (z,y) dy = —|4| / ly| dy
—00 T —“/7”2—.ZE2

Since |y| is symmetric about the origin, we can simplify the integral to

Afa| Y 2|

o= 2l ST 20a] (2 — o)
fx (@) =—; ydy= —71y =
T 0 r

4
0 r

Note that for |z| > r, fx(z) = 0. Hence the complete expression for the PDF of X is

T T2_$2
fX(x):{ 2 |(r4 L r<a<y

0 otherwise

(b) Note that the joint PDF is symmetric in z and y so that fy(y) = fx(y).

Problem 4.5.6 Solution
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(a) The joint PDF of X and Y and the region of nonzero probability are
Y

1

_Jey 0<y<z<1
fxy (z,y) = { 0 otherwise o

1

(b) To find the value of the constant, ¢, we integrate the joint PDF over all x and y.

o 0 1 ,x 1 9 3
/ / Ixy (z.y) dfdyz/ / cydyd:r;:/ U gy =
—o0 J —00 o Jo 0 2 6

Thus ¢ = 6.

o 2)

1
0

(c) We can find the CDF Fx(x) = P[X < z] by integrating the joint PDF over the event X < z.
For x <0, Fx(z) =0. For x > 1, Fx(z) =1. For 0 <z <1,

Y
i Fx (z) = / fxy (ac',y') dy' dx’ (3)
' <z
z  rx’
= / / 6y’ dy' da’ (4)
0o Jo
e X _ /0 3(2'\2 da’ = 2%, (5)
The complete expression for the joint CDF is
0 z<0
Fx(r)=¢ 2% 0<z<1 (6)
1 x>1

(d) Similarly, we find the CDF of Y by integrating fx,y (z,y) over the event Y < y. For y < 0,
Fy(y)=0and fory > 1, Fy(y) =1. For 0 <y <1,

Y
Fy (y) = // fxy (2',y') dy' da' (7)
1 y'<y
Yy 1
= / / 6y’ dz’ dy (8)
y 0 Jy
Y / / /
X 2/06y(1—y)dy (9)
1
= 3(y)* — 2(4)%[y = 3y° — 2¢°. (10)
The complete expression for the CDF of Y is
0 y <0
Fy(y) =14 3y* -2y 0<y<1 (11)
1 y>1
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(e) To find P[Y < X/2], we integrate the joint PDF fx y(x,y) over the region y < x/2.
1 rz/2
1 P[Y§X/2]:/ / 6y dy dx (12)
0o Jo
1
% _ / 3y°[2"% da (13)
0
192
e :/ 3%4:5: 1/4 (14)
0
Problem 4.6.1 Solution

In this problem, it is helpful to label possible points X, Y along with the corresponding values of
W =X — Y. From the statement of Problem 4.6.1,

Y
4 PX7Y(£U,y)
W=-2 =1 W=1
3/28 W(/;/Qg 12/28
3 ° ° °
2
W=0 W=1 W=3
1/28 2/28 4/28
1 4 ° ° °
0 T T T T T 'CU
0 1 2 3 4

(a) To find the PMF of W, we simply add the probabilities associated with each possible value

of W:
Py (-2) = Pxy (1,3) = 3/28 Py (—1) = Pxy (2,3) = 6/28 (1)
Py (0) = Pyy (1,1) = 1/28 Py (1) = Pxy (2,1) + Px)y (4,3) (2)
Py (3) = Pxy (4,1) = 4/28 =14/28 (3)

For all other values of w, Py (w) = 0.

(b) The expected value of W is
EW] =Y why (w) (4)
= —2(3/28) + —1(6/28) + 0(1/28) + 1(14/28) + 3(4/28) = 1/2 (5)

(c) P[W > 0] = Py(1) + Py (3) = 18/28.
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Problem 4.6.2 Solution

Y
PX,Y (.T, y)
c c 3c
W=0 ° 1 ¢ W=2 W=t
2c 2c
W=-2 ° N=2 g
1 2
3¢ ' . o
W=—4 W=-2 W=0

In Problem 4.2.2, the joint PMF
Pxy(xz,y) is given in terms of the
parameter c. For this problem, we first
need to find c¢. Before doing so, it is
convenient to label each possible X,Y

point with the corresponding value of
W=X+2Y.

To find ¢, we sum the PMF over all possible values of X and Y. We choose ¢ so the sum equals

one.

2. Pxvley= )

Y. cletyl (1)

e=-202y=—-1,0,1
= 6c+ 2c+ 6c = 14c (2)

Thus ¢ = 1/14. Now we can solve the actual problem.

(a) From the above graph, we can calculate the probability of each possible value of w.

Py (—4) = Pxy (-2,-1) =3¢ (3)
Py (—2) = PX7y (—2, 0) + PX7y (0, —1) = 3c (4)
Py (0) = PX,Y (—2, 1) + PX7y (2, —1) = 2c¢ (5)
Py (2) = PX7y (0, 1) + PX,Y (2, 0) = 3c (6)
Py (4) = Pxy (2,1) = 3c (7)
With ¢ = 1/14, we can summarize the PMF as
3/14 w=—-4,-2,2/4
Py (w) =14 2/14 w=0 (8)
0 otherwise
(b) The expected value is now straightforward:
EW]= (4t —24244)+20=0 )
Bt 4
(c) Lastly, P[W > 0] = Pw(2) + Pw(4) = 3/7.
Problem 4.6.3 Solution
We observe that when X = x, we must have Y = w — z in order for W = w. That is,
o0 oo
Py (w) = Z P X=zY=w—2x|= ZPx,y(x,w—x) (1)

T=—00
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Problem 4.6.4 Solution

Y
I I B R B / W>W  The x,y pairs with nonzero probability are shown in the figure.
:::::::::: For w =0,1,...,10, we observe that
= e @ o o o o o o o o
® @ o o o o o o o o P [W > w} = P [mln(X7 Y) > w] (1)
e e 0o 0 0 0 0 0 o o :P[X>w,Y>w] (2)
®© © 0o 0 0 0o 0 0 o o = 001(10 — ’LU)2 (3)
« e e o o o I. e o o o R X
w

To find the PMF of W, we observe that for w =1, ..., 10,

Py (w)=P[W >w—1] - P[W > w] (4)
= 0.01[(10 — w — 1)? — (10 — w)?] = 0.01(21 — 2w) (5)

The complete expression for the PMF of W is

(00121 - 2w) w=1,2,...,10
P (w) = { 0 otherwise (6)

Problem 4.6.5 Solution

Y
¢ o000 000 00 The x,y pairs with nonzero probability are shown in the figure.
:::::::::: For v =1,...,11, we observe that
V] o e0eo 0606 060660 0 o V<v
© 00 00 000 o P[V < U] =P [maX(X,Y) < ’U] (1)
e e o o o e o o o :PI:X</U7Y<’U:| (2)
e © 0o 0 0 o o o o — 001(@ _ 1)2 (3)
« e e o o o I. [ ] e o : X
v %

To find the PMF of V', we observe that for v =1,..., 10,

Py(v)=P[V<v+1]—-P[V <] (4)
=0.01[v* = (v —1)? (5)
= 0.01(2v — 1) (6)

The complete expression for the PMF of V is

Pv(v):{ 0.01(2v—1) v=1.2,...,10 .

0 otherwise
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Problem 4.6.6 Solution

(a) The minimum value of W is W = 0, which occurs when X = 0 and ¥ = 0. The maximum
value of W is W = 1, which occurs when X = 1 or Y = 1. The range of W is Sy =
{w]0 <w < 1}.

(b) For 0 <w <1, the CDF of W is
Y

1
w wW<w Fy (w) = P [max(X,Y) < w] (1)
=P[X <w,Y < (2)
Ly X = /Ow /Ow fxy (z,y) dydx (3)

w1

Substituting fxy(z,y) = = + vy yields

/ / (z+y)dydx (4)
:/0 (xy—}—y;;j w) dx—/ (wz +w?/2) dx (5)

The complete expression for the CDF is

0 w <0
Fy(w)y=4 w? 0<w<1 (6)
1 otherwise

The PDF of W is found by differentiating the CDF-.

fw<w>_m_{ 3u? 0<w<1

dw 0 otherwise

Problem 4.6.7 Solution

(a) Since the joint PDF fyy(x,y) is nonzero only for 0 < y < x < 1, we observe that W =
Y — X < 0since Y < X. In addition, the most negative value of W occurs when Y = 0 and
X =1and W = —1. Hence the range of W is Sy = {w| — 1 <w < 0}.

(b) For w < —1, Fyy(w) = 0. For w > 0, Fyy(w) = 1. For —1 < w < 0, the CDF of W is

! Fw (w) = P[Y — X < ] (1)
/ / 6y dy dx (2)

v :/w3(:c+w) dzx (3)

= (@+w?’, =1 +w) (4)

w
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Therefore, the complete CDF of W is

0 w < —1
Fy(w)=<{ (1+w)? —-1<w<0 (5)
1 w >0

By taking the derivative of fiy(w) with respect to w, we obtain the PDF

[ 3w+1)? —1<w<0
fw (w) = { 0 otherwise

Problem 4.6.8 Solution

Random variables X and Y have joint PDF
Y

1

2 0<y<az<l
0 otherwise

Fry () = { W

1

(a) Since X and Y are both nonnegative, W =Y/X > 0. Since Y < X, W =Y/X < 1. Note
that W = 0 can occur if Y = 0. Thus the range of W is Sy = {w|0 < w < 1}.

(b) For 0 < w < 1, the CDF of W is

4 Fiy (w) = P[Y/X <w] = P[Y < wX] = w )
" The complete expression for the CDF is
P[Y<wX]
0 w<o0
0 X Fy(w)={ w 0<w<1 (3)
1 w>1

By taking the derivative of the CDF, we find that the PDF of W is

1 0<w<1
0 otherwise

fw(w)Z{

We see that W has a uniform PDF over [0,1]. Thus E[W] = 1/2.

Problem 4.6.9 Solution

Random variables X and Y have joint PDF
Y

1

2 0<y<z<1
0 otherwise

Ixy (z,y) = { (1)
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(a) Since fxy(z,y) =0 for y > x, we can conclude that ¥ < X and that W = X/Y > 1. Since
Y can be arbitrarily small but positive, W can be arbitrarily large. Hence the range of W is
Sw = {w|w > 1}.

(b) For w > 1, the CDF of W is

. x  PIY<XMw]

Fy (w) = PIX/Y < w (2)

1w =1-P[X/Y > u] (3)
| =1-P[Y < X/uw] (4)
X =1-1/w (5)

1
Note that we have used the fact that P[Y < X/w] equals 1/2 times the area of the corre-

sponding triangle. The complete CDF is

0 w <1
The PDF of W is found by differentiating the CDF-.
_dFwy (w) [ 1jw? w>1
fw (w) = dw |0 otherwise (7)
To find the expected value E[W], we write
EW) = [ ww(w) do= [, 0
—0 1 w

However, the integral diverges and E[WW] is undefined.

Problem 4.6.10 Solution

The position of the mobile phone is equally likely to be anywhere in the area of a circle with radius
16 km. Let X and Y denote the position of the mobile. Since we are given that the cell has a
radius of 4 km, we will measure X and Y in kilometers. Assuming the base station is at the origin
of the X, Y plane, the joint PDF of X and Y is

1 2,2
Fxx(@,y) = { 0  otherwise (1)
Since the mobile’s radial distance from the base station is R = v X2 + Y2, the CDF of R is
Fr(r)=P[R<r]=P[X*+Y? <17 (2)
By changing to polar coordinates, we see that for 0 < r <4 km,
2T pr r Lo )
F = —dr'df =r°/16 3
R A Q
So
0 r <0
Fpr(r)=<{ r?/16 0<r <4 (4)
1 r>4
Then by taking the derivative with respect to r we arrive at the PDF
[ r/8 0<r<4
fr(r) = { 0  otherwise (5)
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Problem 4.6.11 Solution

Following the hint, we observe that either Y > X or X > Y, or, equivalently, (Y/X) > 1 or
(X/Y) > 1. Hence, W > 1. To find the CDF Fy (w), we know that Fy(w) = 0 for w < 1. For
w > 1, we solve

Fy (w) = Plmax[(X/Y), (Y/X)] < w]
(X/Y) < w, (Y/X) < w]
Y > X/w,Y <wX]

X/w <Y <wX]

Pl
Pl
Pl
Pl

Y=wX
We note that in the middle of the above steps, nonnegativity of X and Y

was essential. We can depict the given set {X/w <Y < wX} as the dark
region on the X,Y plane. Because the PDF is uniform over the square, it
is easier to use geometry to calculate the probability. In particular, each

of the lighter triangles that are not part of the region of interest has area
2
a®/2w.

a
This implies

2/2 2/2 1
P[X/wgygwx]zl_wzl__ (1)
a w
The final expression for the CDF of W is
0 w <1
FW(w)_{l—l/w w>1 @)
By taking the derivative, we obtain the PDF
0 w <1
i ={ 9, 03 3
Problem 4.7.1 Solution
. y p In Problem 4.2.1, we found the joint PMF Pxy(z,y) as
i X,y (2,9) shown. Also the expected values and variances were
g | @B G6/28  g12/28
5 | EX]=3 Var[X] = 10/7 (1)
Loz o s EY]|=5/2 Var[Y] = 3/4 (2)
0 N We use these results now to solve this problem.

0 1 2 3 4

(a) Random variable W =Y/ X has expected value

Ely/X]= ) Z SPxy (,y) (3)

x124y13
11 33 12 36

1
128 T 128 T 228 T 2328 T 138
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(b) The correlation of X and Y is

rxy = Y, > wyPxy(z,y) (5)

z=1,2,4y=1,3

1-1-1 1-3-3 2-1-2 2.3.6 4-1-4 4-3-12
+ + + +

28 28 28 28 28
210/28 = 15/2 (7)
Recognizing that Py y(x,y) = xy/28 yields the faster calculation
R S o
ray = - 28

r=1,2,4y=1,3

2 2 4212 4 72y _ 2V _ 19
28(1+2 +47)(17 + 37) 58 5 (10)
(¢) The covariance of X and Y is
15 5
Cov[X.Y] = B[XY] - E[X] E[Y] = o =32 =0 (11)

(d) Since X and Y have zero covariance, the correlation coefficient is

Cov [X,Y]

pPXY = =0. (12)

Var[X] Var[Y]

(e) Since X and Y are uncorrelated, the variance of X +Y is

61

Var[X + Y] = Var[X]| + Var[Y] = —. (13)

Problem 4.7.2 Solution

Y
PX,Y(xv y)
J/14 /14 G314
32 14 e2 14 T
1 2
WS/ gl/14 /1

28

In Problem 4.2.1, we found the joint PMF Pxy(x,y)
shown here. The expected values and variances were
found to be

E[X]
E[Y]

Var[X] = 24/7 (1)

0
0 Var[Y] =5/7 (2)

We need these results to solve this problem.
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(a) Random variable W = 2XY has expected value

E[2YY] = Z Z 2Pxy (z,y)

r=—2,0,2y=—1,0,1

o203 L9202 o2 L gL pom L

14 14 14 14
1 2 3
92(=1) = 4 92(0) 2 4 92(1) 2
+ 14 - 14 + 14

=61/28

(b) The correlation of X and Y is

XYy = zyPxy (z,y)
>, >

r=-2,0,2y=-1,0,1

—2(=1)B3) , =20002) , —2(1)1)

=T T T T 14

=4/7
(¢) The covariance of X and Y is

Cov[X,Y]=E[XY] - E[X]|E[Y] =4/7

(d) The correlation coefficient is
Cov [X,Y] 2
px7Y pr— =
Var[X] Var[Y] 30

(e) By Theorem 4.16,

Var [X + Y] = Var [X] + Var[Y] + 2 Cov [X, Y]
w5 4

+24
T T T

Problem 4.7.3 Solution
In the solution to Quiz 4.3, the joint PMF and the marginal PMF's are

Pup(hb)|b=0 b=2 b=4]|Py(h)
h=—1 0 04 02| 06
h=0 01 0 01| 02
h=1 01 01 0 0.2
Pg () 02 05 03

From the joint PMF, the correlation coefficient is

1

rup=FE[HB| =Y > hbPyg(h,b)
h=-1b=0,2,4

— —1(2)(0.4) + 1(2)(0.1) + —1(4)(0.2) + 1(4)(0)
=-14
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since only terms in which both A and b are nonzero make a contribution. Using the marginal
PMFs, the expected values of X and Y are

E[H] = Y hPg (h) = —1(0.6) + 0(0.2) + 1(0.2) = 0.2 (5)
h=-1
E[Bl= Y bPp(b)=0(0.2) +2(0.5) + 4(0.3) = 2.2 (6)
b=0,2,4
The covariance is
Cov|H,B] = E[HB] — E[H]E[B] = —1.4 — (—0.2)(2.2) = —0.96 (7)

Problem 4.7.4 Solution
From the joint PMF, Px(z)Y, found in Example 4.13, we can find the marginal PMF for X or Y
by summing over the columns or rows of the joint PMF.

25/48 y =1
13/48 y =2
14 z=1,2,34
Py(y)=«¢ 7/48 y=3 PX(:v)—{ o (1)
3/48 y—4 0 otherwise
0 otherwise
(a) The expected values are
! 25 13 .7 3
ElY|= P =1—4+2—4+3—=4+4—=7/4 2
Y= S0 ) = 15+ 2+ 3 4 =) )
. 1
E[X}:ZQ:PX(x):Z(1+2+3+4):5/2 (3)
=1

(b) To find the variances, we first find the second moments.

4
EYY) =Y ph =122 02 22 (4)
2 RTINS

4
E[X?] =) 2’Px () = % (17 + 2% + 32 +4%) =15/2 (5)

Now the variances are

Var[Y] = E [Y?]
Var[X] = E [X?]

(E[Y])? =47/12 — (7/4)* = 41/48 (6)
(E[X])? =15/2—(5/2)* = 5/4 (7)
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(¢) To find the correlation, we evaluate the product XY over all values of X and Y. Specifically,

4 x
rxy = EIXY] =) Y ayPxy (z,y)

r=1y=1
_1++3+4+4+6+8+9+12+16
4 8 12 16 8 16 16 16
=5

(d) The covariance of X and Y is
Cov[X,)Y|=FE[XY]|-E[X]E[Y]=5—(7/4)(10/4) = 10/16

(e) The correlation coefficient is

CovW.V] ~_  10/16
pXyY = JVar[W]Var[V]  /(41/48)(5/4)

~ 0.605

Problem 4.7.5 Solution
For integers 0 < z < 5, the marginal PMF of X is

ZPXY T,y) = 2(1/21) = x;il

y=0

Similarly, for integers 0 < y < 5, the marginal PMF of Y is

5
y)=Y Pxy(zy) =) (1/21) = —=

The complete expressions for the marginal PMF's are

[ (z+1)/21 z=0,...,5
Px (x) = { 0 otherwise

_ (6 Afy)/Ql Yy ::07"'75
Py (y) = { 0 otherwise

The expected values are

5 5
rz+1 70 10 6—y 35 5
E[X] = == EY] = - L
XK1= o5 =51= 3 YI=> v5r =5 =3
=0 y=0
To find the covariance, we first find the correlation
280 20
ZZ Z Zy 422’6 N="5=7%
=0 y= 0 r=

The covariance of X and Y is

Cov[X,Y]=E[XY]-EX]|E[Y]=" - "= —
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Problem 4.7.6 Solution

Yy
1/16
4 P € )
X,y (2,9) W
V=4
1/12 1/16
3 4 ° °
W=3 W=3
V=3 V=4
1/8 1/12 1/16
2 4 ° ° °
W=2 W=2 W=2
V=2 V=3 V=4
1/4 1/8 1/12 1/16
1 4 ° ) ° °
Ww=1 W=1 W=1 W=1
V=1 V=2 V=3 V=4
0 T T T T X
0 1 2 3 4

To solve this problem, we identify the
values of W = min(X,Y) and V =
max(X,Y") for each possible pair x, y.
Here we observe that W = Y and
V = X. This is a result of the under-
lying experiment in that given X =
z, each Y € {1,2,...,2} is equally
likely. Hence Y < X. This implies
min(X,Y) =Y and max(X,Y) = X.

Using the results from Problem 4.7.4, we have the following answers.

(a) The expected values are

EW]=FE[Y]="7/4 E[V]=E[X]=5/2 (1)
(b) The variances are
Var[W] = Var[Y] = 41/48 Var[V] = Var[X]| = 5/4 (2)
(¢) The correlation is
rwy =E[WV]=E[XY]=rxy =5 (3)
(d) The covariance of W and V is
Cov [W,V] = Cov [X,Y] =10/16 (4)

(e) The correlation coefficient is
10/16

) __ 10/16  _oe0s
PWY = PXY (41/48)(5/4)

Problem 4.7.7 Solution

First, we observe that Y has mean py = apx +b and variance Var[Y] = a? Var[X]. The covariance

of X and Y is
Cov [X,Y] = E[(X — jix)(aX +b - apx —b) &
= aE [(X — px)?] (2)
= a Var[X] (3)
The correlation coefficient is
Cov [X,Y] a Var[X| _a

PEY = Na X VarlY] | /VarX]y/a® Var[x]  dl

When a > 0, XY = 1. When a < 0, PXY = 1.
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Problem 4.7.8 Solution
The joint PDF of X and Y is

f(z4+y)/3 0<2x<1,0<y<2
Fxy (@y) = { 0 otherwise
Before calculating moments, we first find the marginal PDFs of X and Y. For 0 <z <1,
2 |1y=2
2 2
/ fxy (z,y) dy—/ +yd xy+y_ _xt
3 6 |,—o 3
y_
For 0 <y <2
00 1 2 =1
r oy T Ty 2+ 1
y)—/ fx,y(fv,y)dx—/ (—+—)d$:—+— =
oo o \3 3 6 3 .0 6

Complete expressions for the marginal PDFs are

# 0<x<1
0 otherwise

Wil g<y<2

(@) = i ={ o8

otherwise

(a) The expected value of X is
1

> ) 23 2?2 5
EX:/ Tfx x)dx:/x de= 24— | =2
] —00 ( 0 3 9 31 9
The second moment of X is
OO L 2w+ 2 2 st 7
E X2 = 2 d :/ 27d = — —_— e —
R B e e

The variance of X is Var[X] = E[X?] — (E[X])? = 7/18 — (5/9)? = 13/162.
(b) The expected value of Y is

29+ 1 y Y 11
E[Y]—/ yfy(y)dy—/y dy=2L 4% =2
oo 0 6 12 9], 9
The second moment of YV is
o 2 3 42
2y+1 vy 16
Ey2:/ y2fy(y)dy:/y2 oV v
[ ] —0o0 0 6 18 12, 9

The variance of Y is Var[Y] = E[Y?] — (E[Y])? = 23/81.
(¢) The correlation of X and Y is

E[XY]= //xyfxy (z,y) drdy

S e (55
:/O (%Jr%y_()) dz

/1 212 4 8x J 223 n 42
= _— JR— €r = — JE—
0 3 9 9 9

The covariance is Cov[X,Y| = E[XY]| — E[X]E[Y] = —1/81.

0 3
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(d) The expected value of X and Y is
E[X+Y]=E[X]|+E[Y]=5/9+11/9 = 16/9

(e) By Theorem 4.15,

1 2 2
Var[X + Y] = Var[X] + Var[Y] +2Cov [X,Y] = 5 —|——3——

162 81 81 162

Problem 4.7.9 Solution

(a) The first moment of X is

1,1 1 9
:/ / 4:1:2ydyd;v:/ 202 dx = =
o Jo 0 3
//4xydydx—/2x da;——

0

The variance of X is Var[X] = E[X?] — (E[X])? = 1/2 — (2/3)? = 1/18.
1 1 1 4 2
:/ / 4xy2dydx:/ i
o Jo 0o 3 3
The second moment of Y is

Y2 //43:y dyda:—/ xd:v——

The variance of Y is Var[Y] = E[Y?] — (E[Y])? = 1/2 — (2/3)? = 1/18.

The second moment of X is

(b) The mean of Y is

(c) To find the covariance, we first find the correlation

1 1 14 2 4
E[XY]:/ / 4x2y2dyda:=/ %dm:§
o Jo 0

The covariance is thus

Cov[X,Y]=E[XY] - E[X]E[Y] = - — (—)2:0

(d) E[X +Y] = E[X] + E[Y] = 2/3+2/3 = 4/3.
(e) By Theorem 4.15, the variance of X + Y is

Var[X] + Var[Y]+2Cov [X,Y] =1/18+1/18 +0=1/9
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Problem 4.7.10 Solution

The joint PDF of X and Y and the region of nonzero probability are
Y

B 5:02/2 —1<z<1,0<y<a?
Fxy (2,y) = { 0 otherwise

X
-1 1

(a) The first moment of X is

55 5:106 !
— d dr = —dx =
= [ [ e [ =T -
Since E[X] = 0, the variance of X and the second moment are both
_ 5’|t 10
d de = —| = —
Var[X] / / 4 4|, 14

(b) The first and second moments of Y are

1 z2 2
:// yﬁdydxzi
5
EY? = =
// dydac %6

Therefore, Var[Y] = 5/26 — (5/14)% = .0576.
(¢) Since E[X] =0, Cov[X,Y] = E[XY] — E[Y] = E[XY]. Thus,

Cov[X,Y]|=FE[XY]= // xy—dydx—/ —da:—O

(d) The expected value of the sum X + Y is

E[X+Y]:E[X]+E[Y]:%

(e) By Theorem 4.15, the variance of X + Y is
Var[X + Y] = Var[X] + Var[Y] + 2 Cov [X, Y] = 5/7 + 0.0576 = 0.7719

Problem 4.7.11 Solution

Random variables X and Y have joint PDF
Y

1

2 0<y<z<1
0 otherwise

fxy (@,y) = {
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Before finding moments, it is helpful to first find the marginal PDFs. For 0 <z <1,

fX(f'?)Z/_ fxy (z,y) dyz/o 2dy = 2x

Note that fx(z) =0 forz <0or x > 1. For 0 <y <1,

fy(y)z/oo fxy (x,y) dw:/ 2dz =2(1 —y)

1
Y

Also, for y < 0 or y > 1, fy(y) = 0. Complete expressions for the marginal PDFs are

2 0<z <1

(a) The first two moments of X are

E[X]:/OO zfx () dx:/l2x2da::2/3

—00 0

E[X?] —/OO 2% fx (x) dx—/12x3d:1;—1/2

—0o0 0
The variance of X is Var[X] = E[X?] — (E[X])? =1/2—4/9 = 1/18.

(b) The expected value and second moment of Y are

o 1
E[Y]=/ yfy () dyz/o 2yl —y)dy = o — 22

— 0

[e’e] 1 3
E[y?] =/_Ooy2fy(y) dy:/o 22(1 — ) dy — 2%_%

The variance of Y is Var[Y] = E[Y?] — (E[Y])?=1/6 —1/9 = 1/18.

(¢) Before finding the covariance, we find the correlation

1 rx 1
E[XY]:/ / Qxydydx:/ 23 dr =1/4
0 JO 0

The covariance is

Cov[X,Y]=F[XY]|-E[X]|E[Y]=1/36.
(d) EX+Y]=EX|+EY]=2/3+1/3=1
(e) By Theorem 4.15,

Var[X + Y] = Var[X]| 4+ Var[Y] + 2 Cov [X, Y] = 1/6.
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Problem 4.7.12 Solution

Y Random variables X and Y have joint PDF
A
12 —-1<x<y<1
~ oy fxy (@.y) = { 0  otherwise (1)
1 The region of possible pairs (x,y) is shown with the joint PDF. The rest of
et this problem is just calculus.
1,1 1 2 41
Ty 1 9 T T
E[XY]= —dydr = - l—2%)de=———| =0 2
v = [ Fayar= [ wa-atar= - )
1ol
K [eXJ“Y} = / iewey dy dx (3)
—1Jz
1 1
= / (e — e®) dx (4)
2/
T o
B A A (5)

Problem 4.7.13 Solution
For this problem, calculating the marginal PMF of K is not easy. However, the marginal PMF of
N is easy to find. Forn=1,2,...,

Py =Y LR ey 0
k=1

That is, N has a geometric PMF. From Appendix A, we note that

qu—% vmmq—lép 2)

We can use these facts to find the second moment of V.

E [N?] = Var[N] + (E[N])? = (3)

Now we can calculate the moments of K.

FITIED D) BT L LS A 31 0

n=1k=1 n=1 k=1
Since Y p_; k=n(n+1)/2,
o0
n+1 _ N+1 1 1
E[K]:Z 9 (1_p)n 1]9:E|:—2 :|:2—p+§ (5)
n=1

We now can calculate the sum of the moments.

Ew+m:mm+mm=%+% (6)
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The second moment of K is

Using the identity > 7_; k¥* = n(n + 1)(2n + 1)/6, we obtain

(N+1)(2N +1)

E[K?] = Z%(l —p)"'p=E {

n=1

6

Applying the values of E[N] and E[N?] found above, we find that

E[N?* E[N] 1 2 11
S e

Thus, we can calculate the variance of K.

5 1 5
Var[K]| = F [K?| = (E[K])? = — — — + —
K] = B [K%] — (B[K)? = 55 - 2+ 35
To find the correlation of N and K,
o n (1_p)n_1p 0 n
P = 3 Y e Sty 3
n=1k=1 n=1 k=1

Since Y p_; k=n(n+1)/2,

pve) =3 "G - g

n=1

[N(N;— 1)] 1

Finally, the covariance is

1 1

N,K|=FE|NK|-F|N|F|K|=— — —

Cov[N. K] = E[NK] - E[N|E[K] = 5 5 — o

Problem 4.8.1 Solution

The event A occurs iff X > 5 and Y > 5 and has probability
10 10

PIA]=P[X >5Y >5/=) "> 0.01=025
=6 y=6

From Theorem 4.19,

Px v (z,y) (z,y) € A

Pyia(z,y)=q P
X,Y\A( y) {0 otherwise

0.04 =6,...,10;y=6,...,20
0 otherwise
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Problem 4.8.2 Solution
The event B occurs iff X <5 and Y <5 and has probability

5
P[B]=P[X <5 Y <5|=> Y 001=025 (1)
z=1y=1

From Theorem 4.19,

Pxy(zy)
Pxyp(r,y) = { P[B] (z,y) € A

0 otherwise

_J 004 z=1,....,55y=1,...,5
10 otherwise

Problem 4.8.3 Solution
Given the event A = {X +Y <1}, we wish to find fy y|a(x,y). First we find

1 1—x
PlA] = / / 623 dyde =1 — 3¢ % 4 273 (1)
o Jo
So then ( :
Ge— 2x+3y
Fxyia(zy) = T3z @ Ftysle20y=20 (2)
' 0 otherwise

Problem 4.8.4 Solution
First we observe that for n = 1,2, ..., the marginal PMF of N satisfies

n n
_ 1 _
Py(n)=Y Pyk(nk)=(1-p)" 1p25 =(1-p)" 'p (1)
k=1 k=1
Thus, the event B has probability

P[Bl=Y Py(n)=0-p)°pl+(1-p)+1-p)°+-]=(1-p) (2)
n=10

From Theorem 4.19,

PN,K(n»k) n, k’ c B
0 otherwise

[ QA=p)/n n=10,11,...5k=1,...,n
10 otherwise

(3)

(4)

The conditional PMF Py g(n[b) could be found directly from Py (n) using Theorem 2.17. However,
we can also find it just by summing the conditional joint PMF.

n=10p n=10,11,...
otherwise

Pt )= Y- P () = { {7 )

k=1
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From the conditional PMF Py g(n), we can calculate directly the conditional moments of N given
B. Instead, however, we observe that given B, N’ = N — 9 has a geometric PMF with mean 1/p.
That is, forn =1,2,.. .,

Pyyp(n) = P[N=n+9|B] = Pyp(n+9)=(1-p)" 'p (6)
Hence, given B, N = N’ + 9 and we can calculate the conditional expectations

E[N|Bj]=E[N'+9|B] =E[N'|B]+9=1/p+9 (7)
Var[N|B] = Var[N’ + 9|B] = Var[N'|B] = (1 — p)/p* (8)

Note that further along in the problem we will need E[N?|B] which we now calculate.

E [N?|B] = Var[N|B] + (E[N|B])? (9)
2 S % +81 (10)

For the conditional moments of K, we work directly with the conditional PMF Py x|5(n, k).

17 - 0 n 1op n
E[K|B] = Z Zk Z Zk: (11)
n=10 k=1 n=10
Since Y p_; k=n(n+1)/2,
n+1 w1 1
E[K|B =) ;—(1-p) p:§E[N+1|B]:2—p+5 (12)

n=1

We now can calculate the conditional expectation of the sum.
3
E[N+ K|B]=FE[N|B|+ E[K|B]=1/p+9+4+1/(2p)+5= % + 14 (13)

The conditional second moment of K is

2 2 (1=p)" "% — (1=p)" "~ o
CILSEED 9D Wi ) gl 3 i
n=10 k=1 n=10 k=1
Using the identity Y ;_; k¥* = n(n +1)(2n + 1)/6, we obtain
X (n+1)(2n+1 - 1
E[K*B] =Y %(1 —p)" 1 = o [(N 4 1)(2N + 1)|B] (15)
n=10
Applying the values of E[N|B] and E[N?|B] found above, we find that
E[N?B] E[N|B] 1 2 37 2
ETK2IB] = =4 —4+31= 16
[K715] 3 + 2 +6 3p2+6p+ 3 (16)
Thus, we can calculate the conditional variance of K.
Var[K|B] = E [K*|B] — (E[K|B))* = b _ T 62 (17)
12p2  6p 3
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To find the conditional correlation of N and K,

n 1 . n 10 00 - n
E[NK|B] = Z an =Y (1-p)"'pd k

n=10 k=1 n=10 k=1

Since Y p_; k=n(n+1)/2,
= n(n+1) 1 1 9
E[NK|B] =Y — —p)" 10 = SEIN(N +1)|B] = R 45
n=10
Problem 4.8.5 Solution
The joint PDF of X and Y is
_f@+y)/3 0<2<1,0<y<2
Fxy (@) = { 0 otherwise
(a) The probability that Y <1 is
. P[A]:P[Ygl]:// fxy (z,y) dedy
P y<1
/ / Y yde
1 Ys<1
2 y=1
.« L)
/ 20+ 1 22 m
= d:lj = — = —
o 6 5 "6, 3

(b) By Definition 4.10, the conditional joint PDF of X and Y given A is

Ixy(z.y) (:c,y)GA _{aj—|-y 0<x<1,0<y<1

= PlA]
f X,Y|A (z,9) { 0 otherwise 0 otherwise

From fx y|a(x,y), we find the conditional marginal PDF fx|4(z). For 0 <z <1,

1 2 1y=1
Y 1
fxja(z ny|A(x y)dy—/(x+y)dy—xy+ =z+ 3
0 2 |y=o 2
The complete expression is
_Jx+1/2 0<2<1
Fxja (@) = { 0 otherwise
For 0 < y < 1, the conditional marginal PDF of Y is
1 CE‘2 =1
fyia(y fXY|A(fI7 y)de= [ (z+y)de= - +zy =y+1/2
0 2
=0
The complete expression is
Fria () = y+1/2 0<y<1
vialy 0 otherwise
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Problem 4.8.6 Solution
Random variables X and Y have joint PDF

(4dr42y)/3 0<z<1,0<y<1
0 otherwise

fxy (z,y) = {

(a) The probability of event A = {Y < 1/2} is

Uorl2 4049
P[A] = // fxy (z,y) dydx :/ / 3 ydydx.
y<1/2 0 Jo

With some calculus,

1 2
PA] = / Ly;y
0

5

dr = dr = — + —

y=1/2 /1 2z +1/4 2 x|
. 3 312

y=0 0

(b) The conditional joint PDF of X and Y given A is

fx,y (z,y)
: ,Y) € A
fxyia(z,y) = { Ay (@)

0 otherwise

_[82r+y)/5 0<2<1,0<y<1/2
10 otherwise

For 0 <z <1, the PDF of X given A is

1/2
/ (2x +y) dy
0

2
Y

2 7

(a:y+2>

. Brx+1)/5 0<zx<1
Fxia (@) = { 0 otherwise

fxja(x) = /_OO fxyia(z,y) dy =

y:1/2_8:c—|—1
5

8
5
8
5

y=0

The complete expression is

For 0 < y < 1/2, the conditional marginal PDF of Y given A is

00 1
fyia () :/_ fxya(z,y) do = 2/0 (27 +y)dz

=l gy +8
5

_ 822 + 8wy
- 5

=0

The complete expression is

f ()_ (8y+8)/5 O§y§1/2
vialW =10 otherwise
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Problem 4.8.7 Solution

(a) The event A = {Y < 1/4} has probability

1/2 pa? g2
PA] :2/ / 5idyd9: (1)
1/4
+ 2/ / 5i dy dx
1/2
1/2 1 5.2
= / 5zt da —I—/ 5idx (2)
0 12 4
, ; 511/2 1
4 - 72 = ’ / + 53:3/12|1/2 (3)
=19/48 (4)
This implies
Fxyia (@) = { 0 otherwise (5)

f 12022/19 —1<2<1,0<y<a2?y<1/4
10 otherwise

1 12022 801 -432) 0<y<1/4
fyia(y / Ixya(z,y) do = 2/\/@ 19 dx { 0 otherwise (M)

(¢) The conditional expectation of Y given A is

1/4
Y480 80 (42 297/
yidl= J v ) \2 7 J|

(d) To find fx|a(x), we can write fx|a(z) = ffooo fxyia(z,y)dy. However, when we substitute
Ix,yia(z,y), the limits will depend on the value of z. When |z < 1/2,

22 2 4
120x 120x
= dy =
b X|A (z) /0 19 Y 19 (9)

_ 65
532

(8)

When -1 <2< -1/20r1/2<z <1,

1/4 12022 3022
f T :/ ——dy = 10
x)4 () ; 19 19 (10)

The complete expression for the conditional PDF of X given A is

3022/19 —1<x<-1/2

1202%/19 —1/2 <2 <1/2
fxja (@) = 3022/19 1/2<a<1

0 otherwise
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(e) The conditional mean of X given A is

-1/2 3 1/2 12 5 1 3
E[X|A]_/ %—a"d:ﬁ/ O dx+/ 3027 e =0 (12)
19 Ly 19 1p 19

Problem 4.9.1 Solution
The main part of this problem is just interpreting the problem statement. No calculations are
necessary. Since a trip is equally likely to last 2, 3 or 4 days,

[ 1/3 d=2,3,4
Pp (d) = { 0  otherwise (1)
Given a trip lasts d days, the weight change is equally likely to be any value between —d and d

pounds. Thus,

1/2d+1) w=—d—d+1,....d
Rwip (k) = { /1Y

otherwise
The joint PMF is simply
Ppw (d,w) = Py p (w|d) Pp (d) (3)
[ 1/(6d+3) d=2,3,4w=—d,...,d (@)
10 otherwise

Problem 4.9.2 Solution
We can make a table of the possible outcomes and the corresponding values of W and Y

outcome | P[] W Y
hh p? 0 2
o p-p) 1 1 1)
th p(l—p) -1 1
tt (1-p)?2 0 0

In the following table, we write the joint PMF Py y (w,y) along with the marginal PMFs Py (y)
and Py (w).

PWy(w,y)|w:—1 w=0 w=1 Py (y)
y=0 0 (1—p)? 0 (1-p)?
y=1 |p(l—-p) 0 p(1—p) 2p(1—p) (2)
y=2 0 p? 0 p?

Py (w) |p(l—p) 1—=2p+2p* p(1—p)

Using the definition Py |y (wly) = Pw,y (w,y)/ Py (y), we can find the conditional PMF's of W given
Y.

/1 w=0 _J 12 w=-1,1
Py (w|0) = { 0 otherwise Py (w]1) = { 0  otherwise )
1 w=0
Py (w]2) = { 0 otherwise W
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Similarly, the conditional PMFs of Y given W are

(1-p)?

— y=0
B 1 y = 1 B 1 Qp;erz
Py (yl = 1) = { 0 otherwise Pyrw (410) = 1—221;—+2P2 y=2
0 otherwise
1 y=1
Pyyw (yl1) = { 0 otherwise

Problem 4.9.3 Solution

fxy(z,y) = { 0 otherwise

(a) The conditional PDF fxy(x|y) is defined for all y such that 0 <y <1. For 0 <y < 1,

fX\Y (:L’) = fx (x) = fol(ery)dy -

fxy(z,y) (wt+y) _f & o<az<i
0 otherwise

(2)

(b) The conditional PDF fyx(y|z) is defined for all values of z in the interval [0,1]. For 0 <

r <1,

_ _ ={ ytl/2
fy|x (y) fy () fol (z +y) dx 0 otherwise

 fxy(z,y) (@ +y) {@*y) 0<y<1

Problem 4.9.4 Solution

Random variables X and Y have joint PDF
Y

1

2 0<y<z<1
0 otherwise

fxy (@,y) = {

1
For0<y <1,

fy(y):/oo fxy (z,y) dx:/ 2dx =2(1—vy)

—00

Also, for y < 0 or y > 1, fy(y) = 0. The complete expression for the marginal PDF is

_[201-y) 0<sy<1
fy(y) = { 0 otherwise

By Theorem 4.24, the conditional PDF of X given Y is

_fxy @y [ y<a<l
leY (zly) = Iy (v) 10 otherwise
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That is, since Y < X < 1, X is uniform over [y, 1] when Y = y. The conditional expectation of X
given Y = y can be calculated as

E[X|Y =y = /_Oo rfxyy (aly) do (5)
_ Loy _ 2 1_1—|—y
/y =" Ty, T 2 (©)

In fact, since we know that the conditional PDF of X is uniform over [y, 1] when Y =y, it wasn’t
really necessary to perform the calculation.

Problem 4.9.5 Solution

Random variables X and Y have joint PDF
Y

1

2 0<y<z<l1
0 otherwise

Fxy (@) = { W

X
1
For 0 < z <1, the marginal PDF for X satisfies

fX(x):/oo Ixy (z,y) dy:/OxQdy:ZE (2)

Note that fx(z) =0 for x < 0 or > 1. Hence the complete expression for the marginal PDF of
X is

2r 0<zxr<1

Fx (x) = { 0  otherwise

The conditional PDF of Y given X =z is

(3)

fxy (z,y) {1/96 0<y<w )

Frix (o) = fx (x) “l o0 otherwise
Given X = x, Y has a uniform PDF over [0, z] and thus has conditional expected value E[Y|X = z] =
x/2. Another way to obtain this result is to calculate ffooo yfyix (ylz) dy.

Problem 4.9.6 Solution

We are told in the problem statement that if we know r, the number of feet a student sits from the
blackboard, then we also know that that student’s grade is a Gaussian random variable with mean
80 — r and standard deviation r. This is exactly

—(z—[80—r])?/2r2
fX|R ($|7‘) - We (= [80=r])"/2 (1)

Problem 4.9.7 Solution
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(a) First we observe that A takes on the values S4 = {—1,1} while B takes on values from
Sp = {0,1}. To construct a table describing P4 p(a,b) we build a table for all possible values
of pairs (A, B). The general form of the entries is

Pap(a,b) | b=0 b=1
a=—1 ‘ Ppia (0 =1) P4 (=1) Pgja(1l—=1)Pa(-1) (1)
a=1 Pp4 (0]1) P4 (1) Ppa (1]1) Pa (1)

Now we fill in the entries using the conditional PMFs Pg4(bla) and the marginal PMF Py (a).
This yields

Pyp(a,b)| b=0 b=1 Pyp(a,b) [b=0 b=1
a=-1 |[(1/3)(1/3) (2/3)(1/3) which simplifies to a=—1 1/9  2/9 (2)
a=1 | (1/2)(2/3) (1/2)(2/3) a=1 | 1/3 1/3

(b) Since Pa(1) = P4 p(1,0) + P4 p(1,1) =2/3,

7PAB(17b) 1/2 b:O,l,
Ppja (b[1) = Py(1) 1O otherwise. (3)
If A =1, the conditional expectation of B is
E[B|A=1] ZbPB‘A (b[1) = Ppa (1]1) = 1/2. (4)

(c) Before finding the conditional PMF Py g(a|l), we first sum the columns of the joint PMF

table to find
4/9 b=0
PB(b)_{5?9 b=1 (5)

The conditional PMF of A given B =1 is

Py p(a,1) :{ 2/5 a=-1

Pajp (all) = Py (1) 3/5 a—1 (6)

(d) Now that we have the conditional PMF Py pg(a|l), calculating conditional expectations is

casy.
E[A|B =1] Z aPy g (all) = —1(2/5) + (3/5) = 1/5 (7)
E[A’B=1] = Z a’Pyp (a]1) =2/5+3/5 =1 (8)

The conditional variance is then

Var[A|B = 1] = E [A*’|B=1] — (E[A|[B=1])> =1 - (1/5)* = 24/25 (9)
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(e) To calculate the covariance, we need

E[Al= Y aPa(a)=—1(1/3)+1(2/3) =1/3

a=—1,1

ZbPB 0(4/9) +1(5/9) = 5/9

> Z abPy g (a,b)

a=—1,1 b=0
= —1(0)(1/9) + =1(1)(2/9) + 1(0)(1/3) + 1(1)(1/3) = 1/9

The covariance is just

Cov[A, B] = E[AB] — E[A]E[B] = 1/9 — (1/3)(5/9) = —2/27

Problem 4.9.8 Solution

First we need to find the conditional expectations

1

E[B|A=—1]=Y bPp4(b] — 1) =0(1/3) +1(2/3) = 2/3
b=0

E[B|A=1] =) bPpg4 (b]1) = 0(1/2) +1(1/2) =1/2
b=0

Keep in mind that E[B|A] is a random variable that is a function of A. that is we can write

pisla =g = { 15 427

We see that the range of U is Sy = {1/2,2/3}. In particular,

Py (1/2) = Pa(1) =2/3 Py (2/3)=Pa(-1)=1/3

The complete PMF of U is
[ 2/3 u=1/2
PU(“)_{ 1/3 uw=2/3

Note that
E[E[B|A]] = ZUPU = (1/2)(2/3) + (2/3)(1/3) = 5/9

You can check that E[U]| = E|[B].

Problem 4.9.9 Solution
Random variables N and K have the joint PMF

100me-100 kK =0,1,...,n;
Py (n, k) = D n=0,1,...
0 otherwise
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We can find the marginal PMF for N by summing over all possible K. For n > 0,

n

100”67100 100n67100
Py (n) = Z (n+1)! - n! 2)
k=0

We see that N has a Poisson PMF with expected value 100. For n > 0, the conditional PMF of K
given N =n is

_PN7K(7L,/€)_ 1/(n+1) k=0,1,...,n
Pre (kfn) = Py(n) 10 otherwise (3)
That is, given N = n, K has a discrete uniform PMF over {0,1,...,n}. Thus,
E[KIN =n] =) k/(n+1)=n/2 (4)
k=0
We can conclude that E[K|N] = N/2. Thus, by Theorem 4.25,
E[K|=FE[E[K|N]] = E[N/2] = 50. (5)

Problem 4.9.10 Solution

This problem is fairly easy when we use conditional PMF’s. In particular, given that N = n pizzas
were sold before noon, each of those pizzas has mushrooms with probability 1/3. The conditional
PMF of M given N is the binomial distribution

(2)y@/3)™(2/3)"™™ m=0,1,...,n
0 otherwise

wammz{ 1)

The other fact we know is that for each of the 100 pizzas sold, the pizza is sold before noon with
probability 1/2. Hence, N has the binomial PMF

("9 (1/2)7(1/2)10 " p=0,1,...,100
Py (n) = { 0 ! otherwise (2)
The joint PMF of N and M is for integers m,n,
Pyn (m,n) = Pyy (mn) Py (n) (3)
_ LY a/3ym2/3)mm(1/2)1° 0 <m < n <100 @
otherwise
Problem 4.9.11 Solution
Random variables X and Y have joint PDF
Y
A
12 —-1<x<y<1
< » X Fxy (2,y) = { 0 otherwise M)
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(a) For —1 <y < 1, the marginal PDF of YV is

= [ tror@pdi=g [ o=@ 2
oo _
The complete expression for the marginal PDF of Y is
_J w2 —1<y <]
fr(y) = { 0 otherwise (3)

(b) The conditional PDF of X given Y is

(4)

_fxy(@y) [ gy 1<z<y
fxy (zly) = fry) L0 otherwise

(c) Given Y = y, the conditional PDF of X is uniform over [—1,y]. Hence the conditional
expected value is F[X|Y =y] = (y—1)/2.

Problem 4.9.12 Solution
We are given that the joint PDF of X and Y is

_ Y@ty 0<a’ 4yt <o
fxy(@,y) = { 0 otherwise

(a) The marginal PDF of X is

w2 0 otherwise

Vo= Vo=
e@=2 [T 2 dy={7 sthernive ®

The conditional PDF of Y given X is
fxy (2,y) 1/2Vr? —a?) y? <r?—2a?
frix Wlz) = ———— =

fx (x) 0 otherwise

(3)

(b) Given X = z, we observe that over the interval [—v/r2 — 22, v/r2 — 22], Y has a uniform PDF.
Since the conditional PDF fy|x(y|z) is symmetric about y = 0,

E[Y|X =2] =0 (4)

Problem 4.9.13 Solution
The key to solving this problem is to find the joint PMF of M and N. Note that N > M. For
n > m, the joint event {M = m, N = n} has probability

m—1 n—m—1
calls calls
—
PM=m,N=n|=Pldd---dvdd---dv] (1)
= (L=p)™ 'p(1 —p)" ™ 'p (2)
= (1—p)"?p? (3)
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A complete expression for the joint PMF of M and N is

[ Q=p)"?p? m=1,2,....n—L;n=m+1,m+2,...
Pa v (m,m) = { 0 otherwise (4)
The marginal PMF of N satisfies
n—1
Py(n)=> (1-p)"?p*=n-1)1-p)" %’ n=23... (5)
m=1
Similarly, for m = 1,2, ..., the marginal PMF of M satisfies
(o]
Py(m)= Y (1-p" %’ (6)
n=m-+1
=P [(1=p)" T+ (L —p)" + -] (7)
=(1-p™'p 8)
The complete expressions for the marginal PMFE’s are
[ A=-p™lp m=12,...
Par (m) = { 0 otherwise (9)
f (n=1)(1-p)p* n=2,3,...
Py (n) = { 0 otherwise (10)

Not surprisingly, if we view each voice call as a successful Bernoulli trial, M has a geometric PMF
since it is the number of trials up to and including the first success. Also, N has a Pascal PMF
since it is the number of trials required to see 2 successes. The conditional PMF’s are now easy to

find.

(11)

Py (m,n) L—p)» ™™ p n=m+1,m+2,...
Pyjp (n|m) = —2——— = (L-2) P

Py (m) 0 otherwise
The interpretation of the conditional PMF of N given M is that given M = m, N = m+ N’ where
N’ has a geometric PMF with mean 1/p. The conditional PMF of M given N is

(12)

PMN(mIn):M:{ 1/(n—=1) m=1,....n—1

Py (n) 0 otherwise

Given that call N = n was the second voice call, the first voice call is equally likely to occur in any
of the previous n — 1 calls.

Problem 4.9.14 Solution

(a) The number of buses, N, must be greater than zero. Also, the number of minutes that
pass cannot be less than the number of buses. Thus, P[N =n,T =t|] > 0 for integers n,t
satisfying 1 < n < t.
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(b)

First, we find the joint PMF of N and T by carefully considering the possible sample paths.
In particular, Py r(n,t) = P[ABC] = P[A]P[B]P[C| where the events A, B and C are

A = {n — 1 buses arrive in the first ¢ — 1 minutes} (1)
B = {none of the first n — 1 buses are boarded} (2)
C = {at time ¢ a bus arrives and is boarded} (3)

These events are independent since each trial to board a bus is independent of when the buses
arrive. These events have probabilities

PA] = <7t1:11>pn1(1 _ )il (4)
P[B]=(1—q)"" (5)
P[Cl=pq (6)

Consequently, the joint PMF of N and T is

Pa (1) = { (Dt =—p)t (=" lpg n>1,t>n

0 otherwise

(7)

It is possible to find the marginal PMF’s by summing the joint PMF. However, it is much
easier to obtain the marginal PMFs by consideration of the experiment. Specifically, when a
bus arrives, it is boarded with probability q. Moreover, the experiment ends when a bus is
boarded. By viewing whether each arriving bus is boarded as an independent trial, IV is the
number of trials until the first success. Thus, N has the geometric PMF

[ 1=l n=12,...
Py (n) = { 0 otherwise

To find the PMF of T, suppose we regard each minute as an independent trial in which a
success occurs if a bus arrives and that bus is boarded. In this case, the success probability
is pq and T' is the number of minutes up to and including the first success. The PMF of T is
also geometric.

(8)

A =p9)tpg t=1,2,...
Pr(t) = { 0 otherwise (9)

Once we have the marginal PMFs, the conditional PMFs are easy to find.

t—1 1— n—1 1— t—1—(n—1)
PN\T (n|t) = M = (n—l) (pl(—pg)) (ﬁ) n = ]., 2, ot (10)
0 otherwise

That is, given you depart at time 7" = ¢, the number of buses that arrive during minutes
1,...,t—1 has a binomial PMF since in each minute a bus arrives with probability p. Similarly,
the conditional PMF of T given N is

Py (n,t =Ly —pytn ¢ = 1,...

Pryy (th) = 26Ut f L)pt (=)t =mn L,
Py (n) 0 otherwise

This result can be explained. Given that you board bus N = n, the time 7" when you leave
is the time for n buses to arrive. If we view each bus arrival as a success of an independent
trial, the time for n buses to arrive has the above Pascal PMF.

(11)
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Problem 4.9.15 Solution

If you construct a tree describing what type of call (if any) that arrived in any 1 millisecond period,
it will be apparent that a fax call arrives with probability o = pqr or no fax arrives with probability
1 — «. That is, whether a fax message arrives each millisecond is a Bernoulli trial with success
probability . Thus, the time required for the first success has the geometric PMF

[ (1-a)fta t=1,2,...
Pr(t) = { 0 otherwise (1)

Note that N is the number of trials required to observe 100 successes. Moreover, the number of
trials needed to observe 100 successes is N = T + N’ where N’ is the number of trials needed
to observe successes 2 through 100. Since N’ is just the number of trials needed to observe 99
successes, it has the Pascal (k =99, p) PMF

Py (n) = (”98 1) a%(1 — )%, @)

Since the trials needed to generate successes 2 though 100 are independent of the trials that yield
the first success, N’ and T are independent. Hence

Py (nft) = Pynr (n — t|t) = Pyr (n —t). (3)

Applying the PMF of N’ found above, we have

n—t—1 i
Pl = (" g ey @
Finally the joint PMF of N and T is
PN7T (n, t) = PN\T (n|t) PT (t) (5)
(e Dt =)0 =12, =99 41,100+ £, . .. (©)
0 otherwise

This solution can also be found a consideration of the sample sequence of Bernoulli trials in which
we either observe or do not observe a fax message.

To find the conditional PMF Pr y(t|n), we first must recognize that N is simply the number
of trials needed to observe 100 successes and thus has the Pascal PMF

P = ("ot =y @

Hence for any integer n > 100, the conditional PMF is

n—t—1
PN,T(nat)_ ((nﬁ)fl)) t:1,277n_99
D (N 99

P tin) =
T\N( n) Py (n) 0 otherwise.

Problem 4.10.1 Solution

Flip a fair coin 100 times and let X be the number of heads in the first 75 flips and Y be the
number of heads in the last 25 flips. We know that X and Y are independent and can find their
PMF's easily.

()

xT

Px (@)= (7)o P = () 1)

Y
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The joint PMF of X and N can be expressed as the product of the marginal PMFs because we
know that X and Y are independent.

Pey @) = () (3 sz )

Problem 4.10.2 Solution
Using the following probability model

3/4 k=0
Px (k) =Py (k)= 1/4 k=20 (1)
0 otherwise
We can calculate the requested moments.
E[X]|=3/4-0+1/4-20=5 (2)
Var[X] =3/4-(0—5)*+1/4- (20 - 5)* = 75 (3)
E[X +Y] = E[X]+ E[X] = 2E[X] = 10 (4)

Since X and Y are independent, Theorem 4.27 yields

Var[X + Y] = Var[X] + Var[Y] = 2 Var[X]| = 150 (5)
Since X and Y are independent, Pxy (z,y) = Px(z)Py(y) and
E[xy2¥] = > > Xxv2¥VPxy (x,y) = (20)(20)2°C% Px (20) Py (20) (6)
2=0,20 y=0,20
=2.75 x 10*2 (7)

Problem 4.10.3 Solution

(a) Normally, checking independence requires the marginal PMFs. However, in this problem, the
zeroes in the table of the joint PMF Py y (z,y) allows us to verify very quickly that X and
Y are dependent. In particular, Px(—1) = 1/4 and Py (1) = 14/48 but

Pxy (=1,1) =0# Px (-1) Py (1) (1)

(b) To fill in the tree diagram, we need the marginal PMF Px(z) and the conditional PMFs
Py x(y|r). By summing the rows on the table for the joint PMF, we obtain

nyy(x,y)|y:—1 y=0 y=1 Px(x)
r=—1 | 3/16 1/16 0  1/4 2
z=0 16 1/6  1/6  1/2
z=1 0 18 1/8 1/4

Now we use the conditional PMF Py |x (y|z) = Pxy (7, y)/Px(z) to write

3/4 y=-1
- - [ 1/3 y=-1,0,1
Pyix(yl—1)=4q 1/4 y=0 ) Pyix (y10) = { 0 otherwise 3)
0 otherwise

(12 y=0,1
Pyix (yl1) = { 0 otherwise
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Now we can us these probabilities to label the tree. The generic solution and the specific
solution with the exact values are

Py x(=1]-1) _y—_1 3/4_y=—1
- X:flpm% Y=0 ” X:714/4 Y=0
Pyix(=1]0) ~Y=-1 1/3 ~Y=-1
Py X=0 ~T010) Y=0 77— X=0 75— Y=0
\::m y—1 /3™ y—1

Px (1) _, Prix(O) 1/4 1/2

e — A
Py x (1]1) Y=1 1/2 Y=1

Problem 4.10.4 Solution
In the solution to Problem 4.9.10, we found that the conditional PMF of M given N is

Py (min) = { (gq?m)(1/3)”1(2/3)”7"1 Ztlh:er?;iig n

Since PM|N(m|n) depends on the event N = n, we see that M and N are dependent.

Problem 4.10.5 Solution

We can solve this problem for the general case when the probability of heads is p. For the fair coin,
p = 1/2. Viewing each flip as a Bernoulli trial in which heads is a success, the number of flips until
heads is the number of trials needed for the first success which has the geometric PMF

[ A=plp z=1,2,...
Px, (x) = { 0 otherwise (1)

Similarly, no matter how large X; may be, the number of additional flips for the second heads
is the same experiment as the number of flips needed for the first occurrence of heads. That
is, Px,(x) = Px,(x). Moreover, the flips needed to generate the second occurrence of heads are
independent of the flips that yield the first heads. Hence, it should be apparent that X; and Xo
are independent and

(1 —p)mte2=2p2 41 =12 .. ;29 =1,2,...
0 otherwise

Px, x, (v1,72) = Px, (71) Px, (v2) = { (2)

However, if this independence is not obvious, it can be derived by examination of the sample path.
When z; > 1 and z9 > 1, the event {X; = 21, X2 = x2} occurs iff we observe the sample sequence

(ot h -t h (3)
—— N——

x1 — 1 times x2 — 1 times

The above sample sequence has probability (1—p)®~!p(1—p)®>~!p which in fact equals Px, x, (21, 22)
given earlier.
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Problem 4.10.6 Solution

We will solve this problem when the probability of heads is p. For the fair coin, p = 1/2. The
number X7 of flips until the first heads and the number X5 of additional flips for the second heads

both have the geometric PMF

1_p w_lp xr = ]_,2,...
Px, (z) = Px, (v) = { (() : otherwise

Thus, E[X;] = 1/p and Var[X;] = (1 — p)/p?. By Theorem 4.14,
EY]=FE[X;]-E[X2]=0

Since X; and X5 are independent, Theorem 4.27 says

2(1-p)

Var[Y| = Var[X]| 4+ Var[—X3] = Var[X;] + Var[X;] = e

Problem 4.10.7 Solution

X and Y are independent random variables with PDF's

%e‘z/:)’ x>0
0 otherwise

fy (y) =

fx (z) = { ge V% y >0

0 otherwise

(a) To calculate P[X > Y], we use the joint PDF fxy(z,y) = fx(z)fy(y).

PIX >Y] =// Ix (@) fy (y) dedy
x>y

1 1
:/; §e_y/2/ ge_a:/g dl‘ dy
Y

1
— / ZeY/2e7Y/3 gy
0o 2

o0
1
_ / Loy g, - 12 3
. 2 1/2+2/3 7

(1)

(b) Since X and Y are exponential random variables with parameters Ax = 1/3 and A\y = 1/2,
Appendix A tells us that E[X] = 1/Ax = 3 and E[Y] = 1/\y = 2. Since X and Y are

independent, the correlation is E[XY] = E[X]E[Y] = 6.
(c) Since X and Y are independent, Cov[X,Y] = 0.

Problem 4.10.8 Solution

(a) Since E[—X3] = —E[X3], we can use Theorem 4.13 to write

E[X1 — Xo] = E[X1 + (=X)] = E[Xh] + E[-X2]
=E[Xi1] - E[X2]
=0
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(b) By Theorem 3.5(f), Var[—Xz] = (—1)? Var[X3] = Var[X3]. Since X; and X are independent,
Theorem 4.27(a) says that

Var[X1 — XQ] = Var[X1 + (—XQ)] (4)
= Var[X;| 4+ Var[—X}3] (5)
= 2 Var[X] (6)

Problem 4.10.9 Solution
Since X and Y are take on only integer values, W = X + Y is integer valued as well. Thus for an
integer w,

Py (w)=P[W=w]=P[X+Y =w]. (1)

Suppose X =k, then W = w if and only if Y = w — k. To find all ways that X +Y = w, we must
consider each possible integer k such that X = k. Thus

Py(w)= > PX=kY=w-k= i Pxy (k,w —k). (2)

k=—00 k=—00

Since X and Y are independent, Pxy (k,w — k) = Px(k)Py (w — k). It follows that for any integer
w7

Py (w)= > Px (k) Py (w—Fk). (3)

k=—o00

Problem 4.10.10 Solution
The key to this problem is understanding that “short order” and “long order” are synonyms for

N =1 and N = 2. Similarly, “vanilla”, “chocolate”, and “strawberry” correspond to the events
D =20, D =100 and D = 300.

(a) The following table is given in the problem statement.

vanilla choc. strawberry
short 02 02 0.2
order
long 01 0.2 0.1
order

This table can be translated directly into the joint PMF of N and D.
Pyp(n,d)|d=20 d=100 d=300
n=1 | 02 0.2 0.2 (1)
n=2 |01 0.2 0.1
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(b) We find the marginal PMF Pp(d) by summing the columns of the joint PMF. This yields

0.3 d =20,
0.4 d =100,
Pold) =9 g3 4 300, (2

0 otherwise.

(c) To find the conditional PMF Ppy(d|2), we first need to find the probability of the condition-

ing event
Py (2) = PN,D (2, 20) + PN,D (2, 100) + PN,D (2, 300) =04 (3)
The conditional PMF of N D given N = 2 is
1/4 d=20
_ Pyp(2,d)  J 1/2 d=100
Po (2) = =757 =4 14 d =300 )
0 otherwise
(d) The conditional expectation of D given N = 2 is
E[DIN =2 = dPpy (d|2) = 20(1/4) + 100(1/2) + 300(1/4) = 130 (5)

d

(e) To check independence, we could calculate the marginal PMFs of N and D. In this case,
however, it is simpler to observe that Pp(d) # Pp|n(d|2). Hence N and D are dependent.

(f) In terms of N and D, the cost (in cents) of a fax is C' = ND. The expected value of C is

(0] =Y ndPy p (n,d) ()
n,d

= 1(20)(0.2) + 1(100)(0.2) + 1(300)(0.2) (7)

+2(20)(0.3) + 2(100)(0.4) + 2(300)(0.3) = 356 (8)

Problem 4.10.11 Solution
The key to this problem is understanding that “Factory ()” and “Factory R” are synonyms for

M =60 and M = 180. Similarly, “small”, “medium”, and “large” orders correspond to the events
B=1, B=2and B =3.

(a) The following table given in the problem statement

Factory @ Factory R

small order 0.3 0.2
medium order 0.1 0.2
large order 0.1 0.1

can be translated into the following joint PMF for B and M.

Pg s (b,m) | m =60 m =180

b=1 0.3 0.2

b=2 0.1 0.2 (1)
b=3 0.1 0.1
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(b) Before we find E[B], it will prove helpful to find the marginal PMFs Pg(b) and Pys(m). These
can be found from the row and column sums of the table of the joint PMF

P ar(b,m) | m=60 m =180 | Pg(b)

b=1 0.3 0.2 0.5

b=2 0.1 0.2 0.3 2)
b=3 0.1 0.1 0.2

P (m) 0.5 0.5

The expected number of boxes is

E[B] = bPg (b) = 1(0.5) +2(0.3) + 3(0.2) = 1.7 (3)
b

(c¢) From the marginal PMF of B, we know that Pg(2) = 0.3. The conditional PMF of M given

B =2is /
1/3 m =160
P 2
Py (m]2) = w ={ 2/3 m=180 (4)
5 (2) 0 otherwise
(d) The conditional expectation of M given B = 2 is
E[M|B=2] = ZmPM‘B (m|2) =60(1/3) 4+ 180(2/3) = 140 (5)

(e) From the marginal PMFs we calculated in the table of part (b), we can conclude that B and
M are not independent. since Pg (1,60) # Pg(1)Py(m)60.

(f) In terms of M and B, the cost (in cents) of sending a shipment is C = BM. The expected
value of C' is

E[C] = _bmPpy (b,m) (6)
b,m

= 1(60)(0.3) 4 2(60)(0.1) + 3(60)(0.1) (7)

+ 1(180)(0.2) + 2(180)(0.2) + 3(180)(0.1) = 210 (8)

Problem 4.10.12 Solution
Random variables X7 and X» are iiid with PDF

[ z/2 0<x<2,
fx (@) = { 0 otherwise.

(a) Since X; and Xy are identically distributed they will share the same CDF Fx(x).
0 <0

FX(a:)—/fo (2/) da' =< 2%/4 0<z<2 (2)
0 1 x>2
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(b) Since X; and Xz are independent, we can say that

PIXi<1,% <1]=P[Xi < 1P[X, < 1] = Fx, () P, (1) = [Fx OF = = (3)

16
(¢) For W = max(X1, Xa),
Fy (1) = Pmax(X1,X) < 1] = P[X; <1, X, <1 (4)
Since X; and X5 are independent,
Fw (1) = P[X1 < 1] P[X < 1] = [Fx (1)]2 = 1/16 (5)
(d)
Fy (w) = P [max(X, X2) <w|=P[X; <w, Xe <w (6)
Since X and X5 are independent,
0 w <0
Fy (w)=P[X; <w]P[Xy <w]=[Fx (w)*=¢ w'/16 0<w<2 (7)
1 w > 2
Problem 4.10.13 Solution
X and Y are independent random variables with PDF's
Fx (@) = { gm Stﬁefwgisi r(y) = { gyz 2t§e31{vv§isé (1)

For the event A = {X > Y}, this problem asks us to calculate the conditional expectations E[X|A]
and E[Y|A]. We will do this using the conditional joint PDF fx y|4(z,y). Since X and Y are
independent, it is tempting to argue that the event X > Y does not alter the probability model
for X and Y. Unfortunately, this is not the case. When we learn that X > Y, it increases the
probability that X is large and Y is small. We will see this when we compare the conditional
expectations E[X|A] and E[Y|A] to E[X] and E[Y].

(a) We can calculate the unconditional expectations, E[X] and E[Y], using the marginal PDFs
fx(z) and fy (y).

E[X]:/_OOfX(x)dx:/12a:2dx:2/3 ()

0
o] 1 5
BV = [ = [ sty =3 3)
(b) First, we need to calculate the conditional joint PDF ipdf X,Y|Axz,y. The first step is to
write down the joint PDF of X and Y:

6y’ 0<x<1,0<y<l1

P o) = fx @ e ) = { 07 O5r s ()
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The event A has probability

Y
1 A
ny (z,y) dydx (5)
X>Y
e / / 6xy? dy dx (6)
= X
1 :/ 20t dx = 2/5 (7)
0
Y The conditional joint PDF of X and Y given A is

fx.v(zy)
] ,y) € A
fxyia(z,y) = { T ()

0 otherwise
_ 151:y2 0<y<z<l1
i X o { 0 otherwise ()

The triangular region of nonzero probability is a signal that given A, X and Y are no longer
independent. The conditional expected value of X given A is

o0 oo
EXA = [ [ ooyl sydyds (10)
—o0 J —0o0o
1 T
:15/ xz/ y? dy dx (11)
0 0
1
= 5/ 2’ dx = 5/6. (12)
0
The conditional expected value of Y given A is
(o] (o]
BV = [ [ uixvia (o) dydo (13)
= 15/ / y® dy dx (14)
——/ 2°dr = 5/8. (15)
4 Jo

We see that F[X|A] > E[X] while E[Y|A] < E[Y]. That is, learning X > Y gives us a clue
that X may be larger than usual while Y may be smaller than usual.

Problem 4.10.14 Solution
This problem is quite straightforward. From Theorem 4.4, we can find the joint PDF of X and Y

is

ey o) = ARG OSBRI - p o) 5y ) )

Hence, Fx y(z,y) = Fx(z)Fy(y) implies that X and Y are independent.
If X and Y are independent, then

fxy (z,y) = fx (x) fy (y) (2)
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By Definition 4.3,

Fxy (z,y) / / fxy (u,v) dvdu (3)
([ s a) ([ 5w a) (1
= Fx (z) Fx (x) (5)

Problem 4.10.15 Solution
Random variables X and Y have joint PDF
MNe W 0<z< Y

Pt ={ )

otherwise
For W =Y — X we can find fiy(w) by integrating over the region indicated in the figure below to
get Fy(w) then taking the derivative with respect to w. Since Y > X, W =Y — X is nonnegative.
Hence Fyy (w) = 0 for w < 0. For w > 0,

Y
Fy(w)=1-P[W>w =1-P[Y > X +w| (2)
y =1 —/ / 2e=N dy dx (3)
X<Y<X+w
X =1—e (4)
The complete expressions for the joint CDF and corresponding joint PDF are
0 w <0 0 w <0
) ={}_ o wie aw={ 5 03y 5

Problem 4.10.16 Solution

(a) To find if W and X are independent, we must be able to factor the joint density function
fxw(z,w) into the product fx(x)fw (w) of marginal density functions. To verify this, we
must find the joint PDF of X and W. First we find the joint CDF.

Fxw (z,w) = P[X <2, W < u] (1)
=P[X<z,Y-X<w=P[X<zY <X+ (2)

Since Y > X, the CDF of W satisfies Fx w(z,w) = P[X <z,X <Y <X +w]. Thus, for
x>0 and w > 0,

Y Fxw (x,w) / // 2N dy da’ (3)

{X<x]N{X<Y<X+w)}

(e

= /Ox (—)\6_)‘(”:/+w) + )\e_)‘x/> da’ (5)

xT

”w) da’ (4)

LE/

/ /
_ 67/\(90 +w) ef/\:v

0
=(1—e™M)(L—e?) (7)
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We see that F'x w(z,w) = Fx(x)Fw(w). Moreover, by applying Theorem 4.4,

O*F , s
%:Aekmk = fx (@) fw (w). (8)

Since we have our desired factorization, W and X are independent.

fX,W (mvw) =

(b) Following the same procedure, we find the joint CDF of Y and W.

Fyy (w,y) =P[W <w,Y <y]|=P[Y — X <w,Y <y] (9)
=PlY <X+wY <yl. (10)

The region of integration corresponding to the event {Y < z + w,Y < y} depends on whether
y < wory > w. Keep in mind that although W =Y — X <Y, the dummy arguments y and
w of fiyy(w,y) need not obey the same constraints. In any case, we must consider each case
separately.

For y > w, the integration is

Y y—w u+w
Fwy (w,y) = / / Ne M dy du
{Y<yIn{Y<X+w} 0 U
y
+

y
/ / MNe™ M du du (11)
y—w Ju

= )\/wa [e”\“ — ef’\(“er)} du

y
+ )\/ [e_)‘“ - e_)‘y} du (12)
y—w
It follows that
Fwy (w,y) = |—e ™ + e_)‘(““”)} )z_w + [—e‘A“ - u)\e_)‘y} ’y (13)
y—w
=1 —e M — hwe M, (14)
For y < w,
Y Y[y
Fwy (w,y) = / / Ne ™ dv du (15)
{Y<y/ 0,7
= / [—Ae”‘y + Ae”‘“} du (16)
Y- 0
X = —due NV — A Z (17)
=1— (14 \y)e N (18)

The complete expression for the joint CDF is

I—e™ - dwe™ 0<w<y
Fwy (w,y) = ¢ 1= (14 y)e ™ 0<y<w (19)
0 otherwise

Applying Theorem 4.4 yields

(20)

PFyy (w,y 2X2e N 0<w<
fwy (w,y) = ———F—"= ( ):{ ==Y

ow Jy 0 otherwise
The joint PDF fywy (w,y) doesn’t factor and thus W and Y are dependent.
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Problem 4.10.17 Solution
We need to define the events A = {U < u} and B = {V < v}. In this case,

Fyv (u,v) = P[AB] = P[B] - P[A°B]=P[V <v]|—-P[U >u,V <] (1)

Note that U = min(X,Y) > u if and only if X > v and Y > w. In the same way, since V =
max(X,Y), V <wif and only if X < v and Y <wv. Thus

PlU>u,V<v]=PX>uY >uX<0vY <] (2)
=Plu<X <vu<Y < (3)
Thus, the joint CDF of U and V satisfies
Fyv (u,v) =P[V <v]=P[U >u,V <] (4)
=P[X<0v,Y<v]-Plu< X <vu<X <] (5)
Since X and Y are independent random variables,
Fyv (u,v) =P[X <v]PlY <v]-Plu< X <v]Plu<X <] (6)
= Fx (v) Fy (v) = (Fx (v) = Fx (u)) (Fy (v) — Fy (u)) (7)
= Fx (v) Fy (u) + Fx (u) Fy (v) — Fx (u) Fy (u) (8)
The joint PDF is
2
fuy (u,v) = M#a(:’v) (9)
0
= 5 x (0) By (u) + Fx (u) fy (v)] (10)
= fx () fy (v) + fx (v) fy (v) (11)
Problem 4.11.1 Solution
Fxy(@,y) = ce—(@%/8)=(y?/18) (1)

The omission of any limits for the PDF indicates that it is defined over all x and y. We know that
fxy(z,y) is in the form of the bivariate Gaussian distribution so we look to Definition 4.17 and
attempt to find values for oy, ox, E[X]|, E[Y] and p. First, we know that the constant is
1
c= 2
2roxoy\/1 — p? @)

Because the exponent of fxy(z,y) doesn’t contain any cross terms we know that p must be zero,
and we are left to solve the following for F[X], E[Y], ox, and oy:

(my-g (o)

From which we can conclude that

EX]=FE[Y]= (4)
O’X:\/g (5)
oy = V18 (6)

Putting all the pieces together, we find that ¢ = ﬁ. Since p = 0, we also find that X and Y are
independent.
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Problem 4.11.2 Solution
For the joint PDF , ,
Fxy(x,y) = ce” B Ay, (1)

we proceed as in Problem 4.11.1 to find values for oy, ox, F[X], E[Y] and p.

(a) First, we try to solve the following equations

(F2E) —aa - e @
<4y (f/ [Y])Z =8(1 - p*)y’ (3)
2 81— p?) (4)

ox0y

The first two equations yield E[X] = E[Y] =0
(b) To find the correlation coefficient p, we observe that
ox =1/VAl—p?) oy =1/V/8(1-p?) (5)
Using ox and oy in the third equation yields p = 1/v/2.
(¢) Since p = 1/v/2, now we can solve for ox and oy.

ox =1/V2 oy =1/2 (6)

(d) From here we can solve for c.

CcC = =

1 2
2

B 2roxoy/1—p

(e) X and Y are dependent because p # 0.

Problem 4.11.3 Solution
From the problem statement, we learn that
px =py =0  ox=oy =1 (1)

From Theorem 4.30, the conditional expectation of Y given X is
~ ay
EY[X] = iy (X) = py +p;(X*ux)=pX (2)

In the problem statement, we learn that E[Y|X] = X/2. Hence p = 1/2. From Definition 4.17, the
joint PDF is
Leﬂ(ﬂﬂ*myﬂ/g)/3 (3)

fX,Y (x,y) = \/3?
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Problem 4.11.4 Solution

The event B is the set of outcomes satisfying X2 + Y2 < 22, Of ocurse, the calculation of P[B]

depends on the probability model for X and Y.
(a) In this instance, X and Y have the same PDF

0.01 —50 <z <50
fx (@) = fy (z) = { 0 otherwise

Since X and Y are independent, their joint PDF is

107* —50 < 2 < 50,50 <y < 50
P ) =@ ={ o7 e

(1)

(2)

Because X and Y have a uniform PDF over the bullseye area, P[B] is just the value of the

joint PDF over the area times the area of the bullseye.

P[Bl=P[X*+Y? <2’ =107" - 72° = 47 - 107" ~ 0.0013

(3)

(b) In this case, the joint PDF of X and Y is inversely proportional to the area of the target.

[ 1/[x50%] a2 + % < 502
fxy (z,y) = { 0 otherwise

The probability of a bullseye is

PB - Py <] - T2 (L)L
(B =P [X*+Y? < 2% = 05 = (-] ~0.0016.

(c) In this instance, X and Y have the identical Gaussian (0,0) PDF with o2 = 100; i.e.,

fx (.ZC) = fy (.’E) _ \/2;761:2/202

Since X and Y are independent, their joint PDF is

1

fxy (x,y) = fx (@) fy (y) = me—($2+y2)/202

To find P[B], we write

P[B]:P[X2+Y2§22]=// fxy (z,y) dedy
x24y2<22 7

L // e~ @ H°)/20% g0y
270 22 4y2<22

(4)

9)

This integral is easy using polar coordinates. With the substitutions z? + 3% = r?, and

dx dy = rdrdf,

1 2 2w 5 9
P[B] = e "2 v dr df
271'0'2 0 0
1

2
== re 120" gy
a? Jo

/20 (2) —1— 4200 4 00108,
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Problem 4.11.5 Solution

(a) The person’s temperature is high with probability
p=P[T>38 =P[T—37>38—37 =1—&(1) = 0.159. (1)

Given that the temperature is high, then W is measured. Since p = 0, W and T are inde-

pendent and

W —7 S 10-7
2 2

q=P[W >10]=P { ] — 1 —&(1.5) = 0.067. (2)

The tree for this experiment is

/q‘/V>1O
P T>38 =g W<10

T<38

The probability the person is ill is

P[I]=PI[T >38,W >10] = P[T > 38] P[W > 10] = pg = 0.0107. (3)

(b) The general form of the bivariate Gaussian PDF is

(w_m)Q _ 2p(w—p1) (t—p2) + (t—w)z

o1 0102 o2

P 21— p?)

w,t) = 4

fwr (1) ST W

With iy = E[W] =7, 01 = ow =2, uo = E[T] =37 and 02 = or = 1 and p = 1//2, we
have

1 (w—72  V2w—T7)(t—37) 9
) = — — + (t—37 5
Jwr (w,1) onv3 P [ 1 > ( ) (5)

To find the conditional probability P[I|T = t], we need to find the conditional PDF of W
given T' = t. The direct way is simply to use algebra to find

fwr (w,t)
fW T \Ww t) = —"——- 6
r(wlt) = 24 (6)
The required algebra is essentially the same as that needed to prove Theorem 4.29. Its easier
just to apply Theorem 4.29 which says that given T" = t, the conditional distribution of W is
Gaussian with

BIWIT =] = EW]+p " (t = B[T)) (7)
Var[W|T = t] = o (1 - ?) (8)
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Plugging in the various parameters gives
EW|T =t] =74+ V2(t—37) and Var[W|T =t] =2 (9)
Using this conditional mean and variance, we obtain the conditional Gaussian PDF

1w a2
fovir (w]t) = = (w—(T+v2(t-37)))° /4. (10)

Given T = t, the conditional probability the person is declared ill is

P[I|IT =t]=P[W > 10|T = {] (11)
W= (T+V2(t-37) _ 10— (T+V2(t —37))
=P % > 7% } (12)
B 3—V2(t-37)  [3V2
=P Z>T}—Q<T—(t—37)>. (13)

Problem 4.11.6 Solution
The given joint PDF is L, .
Py (@) = de™ @ Hbaes?) 1)

In order to be an example of the bivariate Gaussian PDF given in Definition 4.17, we must have

DU R —
20% (1 — p?) 202 (1 — p?)
o . 1
oxoy(1—p?) 2roxoy\/1 — p?
We can solve for ox and oy, yielding
1 1

ox = ———— oy = —— 2
a2l a2l )

Plugging these values into the equation for b, it follows that b = —2acp, or, equivalently, p = —b/2ac.
This implies

1
d? = 73 = =(1- p?)a?? = a’? — bv? /4 (3)
dn205 05 (1 — p?)

Since |p| < 1, we see that |b| < 2ac. Further, for any choice of a, b and ¢ that meets this constraint,

choosing d = \/a?c? — b? /4 yields a valid PDF.

Problem 4.11.7 Solution

From Equation (4.146), we can write the bivariate Gaussian PDF as

1 ~@ux)?/20 1
oxV2r oy V2w

fx () = e i @2 M

where fiy (z) = py + pZ-(z — px) and 6y = oy /1 — p?. However, the definitions of fiy(z) and
oy are not particularly important for this exercise. When we integrate the joint PDF over all z
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and y, we obtain

o0 o oo 1 2 5 o0 1 5 2 _9
) dady — ~(e-ux)?/20% / ~(=iv @) /2%5% gy de (2
| e [ —— e ydr (2

1

—00 OXV 2m

The marked integral equals 1 because for each value of x, it is the integral of a Gaussian PDF of
one variable over all possible values. In fact, it is the integral of the conditional PDF fyx (y|x)
over all possible y. To complete the proof, we see that

o0 o0 0o 1
/ / fX,Y (m; y) d:L’ dy = / 6_(:E_F'X)2/20'§{ da«: — 1 (4)

—c0 OXV 2m

since the remaining integral is the integral of the marginal Gaussian PDF fx(x) over all possible
x.

Problem 4.11.8 Solution
In this problem, X; and X» are jointly Gaussian random variables with E[X;] = p;, Var[X;] = o2,
and correlation coefficient p1o = p. The goal is to show that Y = X X5 has variance

Var[Y] = (14 p*)oto3 + pios + p3o7 + 2ppip20109. (1)
Since Var[Y] = E[Y?] — (E[Y])?, we will find the moments of Y. The first moment is
E[Y] = E[X1X3] = Cov [X1, Xo] + E [X1] E [X2] = po1og + p1pe. (2)
For the second moment of Y, we follow the problem hint and use the iterated expectation
E[Y?] = E[X{X5] = B [E [X{X3|X0]] = B [XJE [X7]X]]. (3)
Given Xy = 9, we observe from Theorem 4.30 that X is is Gaussian with

o
E[X1| Xy = 23] = p1 + pa—;(xg — pi2), Var[X1| X, = 23] = 02(1 — p?). (4)

Thus, the conditional second moment of X7 is

E[X}|Xo] = (E[X1]X2])® + Var[X1|Xa] (5)
2
= <M1+pz—;(X2—M2)> +oi(1-p?) (6)
2
= [ui + o7 (1 = p*)] + 2/)#1%()(2 — ) + pQ%(Xz — p2)”. (7)

It follows that
E [X7X3] = E [X3F [X7|X3]] (8)

2
01 (o

=E |15 +07(1 - p*)]X35 + 2PM10—2(X2 — p2) X3 + PQﬁ(Xz —w)? X3 . (9)
2
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Since E[X2] = 02 + p3,
E[X{X3] = (45 +0i(1 = p?)) (03 + p3)

2

(on] g

+ 2pu10—2E [(Xo — p2)X3] + pQU—;E (X2 — p2)?X3] . (10)
2

We observe that

E[(Xy — p2)X3] = B [(X2 — p2)(Xa — pa + pi2)?] (11)
= B [(Xy — p2) (X2 — p2)* + 2u2(Xa — p2) + 413) | (12)
= B [(X2 = p12)°] + 202E [(X2 — p12)°] + 12 E [(X2 — pio)] (13)

We recall that E[Xy — ps] = 0 and that E[(X2 — p2)?] = 03. We now look ahead to Problem 6.3.4
to learn that
E [(XQ - M2)3] = O, E [(XQ - /1,2)4] = 30’5l (14)

This implies
E [(X2 — p2) X3] = 2p203. (15)

Following this same approach, we write

E (X2 — p2)?X3] = E [(X2 — p2)*(X2 — pio + p2)?] (16)
= F [(X2 — p2)? (X2 — p2)? + 2u2(X2 — pi2) + p13)] (17)
= B [(X2 — p2)® (X2 — p2)? + 2u2(Xa — o) + 113) ] (18)
= B (X2 — p2)"] +2u2F [Xa — p2)’] + 13 [(X2 — p2)?] - (19)
It follows that
E [(Xa — p2)?X5| = 305 + p305. (20)

Combining the above results, we can conclude that

2
g1 g
E[X{X5] = (pf + 07 (1= p?)) (03 + p3) + 2pu10—2(2u20§) + "5 B0z +p303) (21
2
= (142p*)0703 + p507 + pios + pips + dpp pao10a- (22)
Finally, combining Equations (2) and (22) yields

Var[Y] = E [X{X3] - (E [X1X0]) (23)
= (L4 p*)otos + pios + p307 + 2pp 12010 (24)

Problem 4.12.1 Solution

The script imagepmf in Example 4.27 generates the grid variables SX, SY, and PXY. Recall that
for each entry in the grid, SX. SY and PXY are the corresponding values of z, y and Px y(z,y).
Displaying them as adjacent column vectors forms the list of all possible pairs x,y and the proba-
bilities Py y (x,y). Since any MATLAB vector or matrix x is reduced to a column vector with the
command x(:), the following simple commands will generate the list:
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>> format rat;
>> imagepmf;
>> [SX(:) SY(:) PXY(:)]

ans =
800 400 1/5
1200 400 1/20
1600 400 0
800 800 1/20
1200 800 1/5
1600 800 1/10
800 1200 1/10
1200 1200 1/10
1600 1200 1/5

>>

Note that the command format rat wasn’t necessary; it just formats the output as rational num-
bers, i.e., ratios of integers, which you may or may not find esthetically pleasing.

Problem 4.12.2 Solution

In this problem, we need to calculate E[X], E[Y], the correlation E[XY], and the covariance
Cov[X,Y] for random variables X and Y in Example 4.27. In this case, we can use the script
imagepmf .m in Example 4.27 to generate the grid variables SX, SY and PXY that describe the joint
PMF Pxy (z,y).

However, for the rest of the problem, a general solution is better than a specific solution. The
general problem is that given a pair of finite random variables described by the grid variables SX,
SY and PXY, we want MATLAB to calculate an expected value E[g(X,Y)]. This problem is solved
in a few simple steps. First we write a function that calculates the expected value of any finite
random variable.

function ex=finiteexp(sx,px);

%Usage: ex=finiteexp(sx,px)

%returns the expected value E[X]

%of finite random variable X described
%by samples sx and probabilities px
ex=sum((sx(:)) .*(px(:)));

Note that finiteexp performs its calculations on the sample values sx and probabilities px using
the column vectors sx(:) and px(:). As a result, we can use the same finiteexp function when

the random variable is represented by grid variables. For example, we can calculate the correlation
r = E[XY] as

r=finiteexp(SX.*SY,PXY)

It is also convenient to define a function that returns the covariance:

function covxy=finitecov(SX,SY,PXY);
%Usage: cxy=finitecov(SX,SY,PXY)
J%returns the covariance of

%finite random variables X and Y
%given by grids SX, SY, and PXY
ex=finiteexp(SX,PXY);
ey=finiteexp(SY,PXY);
R=finiteexp(SX.*SY,PXY);
covxy=R-ex*ey;
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The following script calculates the desired quantities:

%himageavg.m >> imageavg
%Solution for Problem 4.12.2 ex =
imagepmf; %defines SX, SY, PXY 1180
ex=finiteexp(SX,PXY) ey =
ey=finiteexp(SY,PXY) 860
rxy=finiteexp(SX.*SY,PXY) rXy =
cxy=finitecov(SX,SY,PXY) 1064000

cxy =

49200
>>

The careful reader will observe that imagepmf is inefficiently coded in that the correlation E[XY]
is calculated twice, once directly and once inside of finitecov. For more complex problems, it
would be worthwhile to avoid this duplication.

Problem 4.12.3 Solution
The script is just a MATLAB calculation of Fx y (z,y) in Equation (4.29).

%trianglecdfplot.m
[X,Y]=meshgrid(0:0.05:1.5);

R=(0<=Y) . (Y<=X) . * (X<=1) . * (2% (X. *Y) - (Y."2) ) ;
R=R+ ((0<=X) . * (X<Y) .*x(X<=1) .%x(X."2));
R=R+((0<=Y) . *(Y<=1) . % (1<X) . *((2xY)-(Y."2)));
R=R+((X>1) .*(¥Y>1));

mesh(X,Y,R);

xlabel (’\it x’);

ylabel(’\it y’);

For functions like F'x y (x,y) that have multiple cases, we calculate the function for each case and
multiply by the corresponding boolean condition so as to have a zero contribution when that case
doesn’t apply. Using this technique, its important to define the boundary conditions carefully to
make sure that no point is included in two different boundary conditions.

Problem 4.12.4 Solution
By following the formulation of Problem 4.2.6, the code to set up the sample grid is reasonably
straightforward:

function [SX,SY,PXY]=circuits(n,p);
%Usage: [SX,SY,PXY]=circuits(n,p);
% (See Problem 4.12.4)
[SX,SY]=ndgrid(0:n,0:n);
PXY=0%SX;
PXY(find ((SX==n) & (SY==n)))=p~n;
for y=0:(n-1),
I=find ((SY==y) &(SX>=8Y) &(SX<n));
PXY(D=(p~y)*(1-p)* ...
binomialpmf (n-y-1,p,SX(I)-y);

end;

The only catch is that for a given value of y, we need to calculate the binomial probability of x —y
successes in (n —y — 1) trials. We can do this using the function call

binomialpmf (n-y-1,p,x-y)
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However, this function expects the argument n-y-1 to be a scalar. As a result, we must perform a
separate call to binomialpmf for each value of y.

An alternate solution is direct calculation of the PMF Px y(z,y) in Problem 4.2.6. In this
case, we calculate m! using the MATLAB function gamma(m+1). Because, gamma(x) function will
calculate the gamma function for each element in a vector x, we can calculate the PMF without
any loops:

function [SX,SY,PXY]=circuits2(n,p);
%Usage: [SX,SY,PXY]l=circuits2(n,p);
% (See Problem 4.12.4)
[SX,SY]=ndgrid(0:n,0:n);
PXY=0*SX;
PXY(find ((SX==n) & (SY==n)))=p~n;
I=find ((SY<=SX) &(SX<n));
PXY(I)=(gamma(n-SY(I)) ./ (gamma (SX(I)-SY(I)+1)...
.kgamma (n-SX(I)))) .*(p. SX(I)) .*((1-p) .~ (n-SX(I)));

Some experimentation with cputime will show that circuits2(n,p) runs much faster than circuits(n,p).
As is typical, the for loop in circuit results in time wasted running the MATLAB interpretor and
in regenerating the binomial PMF in each cycle.

To finish the problem, we need to calculate the correlation coefficient

pXy = ————. (1)

In fact, this is one of those problems where a general solution is better than a specific solution.
The general problem is that given a pair of finite random variables described by the grid variables
SX, SY and PMF PXY, we wish to calculate the correlation coefficient

This problem is solved in a few simple steps. First we write a function that calculates the
expected value of a finite random variable.

function ex=finiteexp(sx,px);

%Usage: ex=finiteexp(sx,px)

%returns the expected value E[X]

%of finite random variable X described
%by samples sx and probabilities px
ex=sum((sx(:)).*x(px(:)));

Note that finiteexp performs its calculations on the sample values sx and probabilities px using
the column vectors sx(:) and px(:). As a result, we can use the same finiteexp function when
the random variable is represented by grid variables. We can build on finiteexp to calculate the
variance using finitevar:

function v=finitevar(sx,px);

%Usage: ex=finitevar(sx,px)

%  returns the variance Var[X]

% of finite random variables X described by
%  samples sx and probabilities px
ex2=finiteexp(sx."2,px);

ex=finiteexp(sx,px);

v=ex2-(ex"2);

Putting these pieces together, we can calculate the correlation coefficient.
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function rho=finitecoeff (SX,SY,PXY);

%Usage: rho=finitecoeff (SX,SY,PXY)
%Calculate the correlation coefficient rho of
%finite random variables X and Y
ex=finiteexp(SX,PXY); vx=finitevar(SX,PXY);
ey=finiteexp(SY,PXY); vy=finitevar(SY,PXY);
R=finiteexp(SX.*SY,PXY);
rho=(R-ex*ey)/sqrt (vx*vy) ;

Calculating the correlation coefficient of X and Y, is now a two line exercise..

>> [SX,SY,PXY]=circuits2(50,0.9);
>> rho=finitecoeff (SX,SY,PXY)
rho =

0.4451
>>

Problem 4.12.5 Solution
In the first approach X is an exponential (A) random variable, Y is an independent exponential
(1) random variable, and W = Y/X. we implement this approach in the function wrv1i.m shown
below.

In the second approach, we use Theorem 3.22 and generate samples of a uniform (0, 1) random
variable U and calculate W = Fy,' (U). In this problem,

AN 1)

Setting u = Fy (w) and solving for w yields

w:FV—Vl(u)zi( 4 > (2)

uw\l—u

We implement this solution in the function wrv2. Here are the two solutions:

function w=wrvil(lambda,mu,m)
%Usage: w=wrvl(lambda,mu,m)
%Return m samples of W=Y/X
%X is exponential (lambda)
%Y is exponential (mu)

x=exponentialrv(lambda,m) ;
y=exponentialrv(mu,m) ;
w=y./x;

function w=wrv2(lambda,mu,m)
%Usage: w=wrvl(lambda,mu,m)
%Return m samples of W=Y/X
%X is exponential (lambda)
%Y is exponential (mu)

%Uses CDF of F_W(w)

u=rand(m,1);
w=(lambda/mu) *u./(1-u);

We would expect that wrv2 would be faster simply because it does less work.

instructive to account for the work each program does.

In fact, its

e wrvl Each exponential random sample requires the generation of a uniform random variable,
and the calculation of a logarithm. Thus, we generate 2m uniform random variables, calculate
2m logarithms, and perform m floating point divisions.

e wrv2 Generate m uniform random variables and perform m floating points divisions.

This quickie analysis indicates that wrvl executes roughly 5m operations while wrv2 executes about
2m operations. We might guess that wrv2 would be faster by a factor of 2.5. Experimentally, we
calculated the execution time associated with generating a million samples:
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>> t2=cputime;w2=wrv2(1,1,1000000) ;t2=cputime-t2

t2 =
0.2500
>> tl=cputime;wl=wrv1(1,1,1000000) ;tl=cputime-t1
tl =
0.7610
>>

We see in our simple experiments that wrv2 is faster by a rough factor of 3. (Note that repeating
such trials yielded qualitatively similar results.)
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