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We characterize each second-order filter section by the frequencies of the magni-
tude response extremes and by the 3-dB frequencies. The 3-dB frequencies, denoted by
f2a = 63gs/(27), are frequencies at which the magnitude response M (f) = |H (eJ%1))
is v/2 times smaller than the magnitude response at some reference frequency f, (3 dB
only approximately corresponds to /2, strictly speaking it is 10%/%0):

M(fup) _ |H(e/*™hm) 1 (8.19)

M(f,) ~ |HE™R) — 2

For example, for lowpass filters, the reference frequency is f, = 0.

; In filter design, we prefer to use the normalized transfer function, H,(z), defined
by

H(z)
H,(z) = W (8.20)

The transfer function can be obtained by scaling the normalized transfer function by a
constant:

H(z) = kHy(2) (8.21)

Quite generally, the normalization constant k can take any real value.

8.2.1 Second-Order Transfer Functions

In this section we analyze the properties of the basic second-order transfer functions. We
examine the magnitude response M (f) = |H (e/2%1)| for real positive digital angular
frequencies @ = 27 f. The angular frequencies of the magnitude response local extrema
are designated by 6, = 27 f,. We find it convenient to define the frequency f; at which
the frequency response becomes purely imaginary, Re(H (e/2"/)) = 0.

Lowpass Transfer Function.  The second-order lowpass transfer function is defined
as

i+a+d G+ Traxp (L4l

4 22+bz+a 4 1+ bz7! +az??

Hip(z) = (8.22)

At higher frequencies (f > f; > f.), where

Tie= ECOS (8.23)

the magnitude response M(f) = |Hy p(e/>"/)| decreases and, thus, high-frequency
sinusoidal sequences are rejected.
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The key properties of the lowpass transfer function are summarized below:

M) = H.p(1) =1, z =1, f =1
M(0.5) = Hrp(-1) =0, z = -1, i
M(f;) = |Hpp@? )| = |jQp| = Qp: 7 = e,
M, = max (M(f)) = |Hpp(e/*)| = ——%7—-— z = el¥te,
0<f=<0.5 1
S
402

where f, is the frequency at which M (f) has its maximal value M.:
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The maximal value of the magnitude response is approximately equal to 0
Qp > 1 (ie,fora=~ 1), as shown in Fig. 8.8:

max [Hip (¢)] = |Hup (¢77%)

and the pole Q-factor is

£

fe® fiy Qp>1 (8

~ Q[)u

This fact is very important for digital filters implemented in fixed point arithmel
Suppose that the filter output sequence, Y, must be bounded to —1 < y; < 1. T
the amplitude of the sinusoidal sequence of frequency f,, at the input of the lowpi
second-order filter, must be smaller than 1/Qp, so that, after filtering, the amplitudé
the output sequence remains within the prescribed range, =l =w=0 L
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Figure 8.8 Magnitude of second-order lowpass
transfer function: Q, =3,a = 0.85117, and
b = —1.621545.
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The maximal value of the magnitude response, M,, can be expressed in terms of
the coefficients a and b:

2_ 2
Mol gy e oSN

8.28
0=f=<05 2(1 — a) V4a — b2 o

The magnitude of the normalized transfer function, Hy p,(z), is shown in Fig. 8.9. This
normalized transfer function is defined as

Hip(z) (1 —a) ia —b? (! + 1)2

M, . 20+a~-b 1+bz7! +az?

Hppn(2) = (8.29)

and it has the maximal magnitude, equal to 1, at the frequency f,.

For 0, < 1/4/2 we find f, = 0 as shown in Fig. 8.10. Therefore, for 1/2 < Q, <
1/+/2 the maximal magnitude function is at frequency f, = 0.

The maximal value of the magnitude of second-order lowpass transfer functions,
M,, in terms of the coefficients is shown in Fig. 8.11. M, dramatically increases when a
approaches to 1, while the influence of b is negligible.

Highpass Transfer Function.  The second-order highpass transfer function is defined
as

l4a-b @=-1 14a-b (=10
4 2+bz+a 4 1+ bz71 4+ az2

Hyp(2) = (8.30)
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Figure 8.9 Magnitude of second-order normalized
lowpass transfer functions M(f)/M,.: Q, =3, 1.5, 0.7.
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The key proper
M) = Hyp(l) =
M(0.5) = Hup(-1)
M(fj) = |Hup(e!™

M, = max (M(f)

L5 0<f=<0.5

where f, is the frequ
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Figure 8.10 Magnitude of second-order lowpass
transfer functions: Q, =3, 1.5, 0.7. _and the pole Q-factor
At lower frequencies, f < fj < f., where
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Asin the case of

response is approxims
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and, thus, low-frequency sinusoidal sequences are rejected, while the high-freq
sinusoidal sequences, f > fp, pass without attenuation.
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The key properties of the highpass transfer function are summarized below:
M(©) = Hyp(1) = 0, f=0
MI0S) = Hpp(1) = 1, =5
M(fy) = |Hup )| = |jQ,| = Q). =€,  f=f
M, = max (M(f)) = |Hpp(e™F)| = —=, z=¢" f=4
0<f<05 1
[ astee
402
2 (8.32)
where f, is the frequency at which M (f) has its maximal value M,

p __wWA_ﬂ—af+bﬂ+a+m
i 2n 4a + b + ab

(8.33)

and the pole Q-factor is

Jad + a) - b

Qp = 70 ~ &

(8.34)

The maximal value of the magnitude response is approximately equal to Q,, for
0, > 1 (i.e, for a &~ 1), as shown in Fig. 8.12:

omax |Hup ()| = |Hup (") ~ Q. fom fr, Q> 1 (839)

Asin the case of the lowpass transfer function, the maximal value of the magnitude

response is approximately equal to Q,, as shown in Fig. 8.12. For Q, < 1/+/2 we find
that f, = 0.5, as shown in Fig. 8.13.
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Figure 8.12 Magnitude of second-order highpass
transfer function: Qp =3, a =0.85117, and
b = —1.621545.
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Figure 8.13 Magnitude of second-order highpass
transfer functions: Q, =3, 1.5, 0.7.
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Figure 8.14 Magnitude of second-order normalized
highpass transfer functions M (f)/M,: 0,=3,15, 0.9
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The maximal value of the magnitude of second-order highpass transfer functions,
M,, in terms of the coefficients is the same as for the second-order lowpass transfer
functions shown in Fig. 8.11.

Bandpass Transfer Function. The second-order bandpass transfer function is de-
fined as
l1—a 2?2 -1 l—-a 1—2z72

e Z2+bz+a 2 1+bz1+az? i

The key properties of the bandpass transfer function are summarized below:

M) = Hgp(l) = 0, zm 1, f=0
MOS) = Hppl=1) =0, 3wl f =05 (839)
M, = osn}ag)é.s(M(f)) = [Hpp(e/™ 1) = 1, g g, f=re

where
et (8.40)
e = 0S "
2r S 1+a

The frequency at which the magnitude response reaches its maximum, f,, is some-
times called the resonant frequency or the central frequency.

Second-order bandpass filters pass sinusoidal sequences from the band of frequen-
cies fiow3ds < f < fnigh,3aB With insignificant attenuation (less than 201log;, NIES
3dB), but reject sinusoidal sequences whose frequencies are on either side of this band:

1 >
¥, < M(f) = |Hgp@@* )| < 1, fiow3ds < f < fhigh3dB
j 20 o 1
|HBP(e]27Trow\3dB)| i |HBP(€j2ﬁfh:gh,3dB)| = ﬁ
£ 5 T bl+a)— (A —a) v2 + 2a2 — b? (8.41)
low,3dB S 5 (1 5 az)

3 4 —bA+a)+ (1 —a)V2+2a7 - P
; = — cOos
e 2 (1+ a?)

The pole Q-factor of the bandpass filter is

V(1 + a)* — b2
0, = _—(2(1—a—3a)—— (8.42)

The maximum of the magnitude response is 1. The 3-dB bandwidth, fhign,3dB —
fiow 3a8, is affected by Q) (Fig. 8.15). Higher Q-factors produce narrower bandwidths
- (Fig. 8.16).
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